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E372 LINEAR ALGEBRA AND VECTOR CALCULUS

Question one
(@  Given the following scalar function f =4 x>+ y2
) plot =10 , f=20 and f =30 on x-yplane for
x==5 to 5 and y=-5 fo 5 showthem inone display,

(4 marks )
(i) findthe grad [ atthepoint P:(1,-2) , (3 marks )

(iii)  find the directional derivative of f at P:(1,- 2) in the direction of
a=3i-5j . (4 marks )
) Givenavectorfield F=[et , 2y , xe| |

find curl(F) and show that it is a conservative vector field and thus find its

scalar potential . ( 6 marks )
(c)  Forany vector fields G = [Gx (x,»,2) , G/(xy,2) , G,x y,z)] and any

scalar field  f(x,y,z) show that

div(f G)= Ge grad(f) + f(an(G)) . (8 marks)



(a)

(b)

(©)

Question two

Given a vector field F = [Cosh(x) , sinh(y) , ez] ,

find the value of the following line integral LF edr where

from (0,0,0) to (2,4,8). ( 8 marks )
. (2,4,0) x—y+2z2

Given the following integral -[(o o € Y (dx—-dy+ 2z dz)

6] show that the form under the integral sign is exact in space , (4 marks )

(i1)  evaluate the given integral . (4 marks )

Using Green's theorem , evaluate the line integral Q F e dr counterclockwise around
g er

—

the boundary C oftheregion R ,where F =i xy+ sz y2 and

C : thecircle x* + p* =25 . (9 marks )



(2)

(b)

Question three

Given a vector field F' = [x2 , 0 Zz] and a closed surféce S

where S : the surface of thebox |x|]<1 |y,$2 , zl< 3

—

() find VeF |, (2 marks )
(ii)  evaluate the closed surface integral ﬁ Feds by using the divergence
S
theorem . ( 7 marks )

Given a vector field G = [ 20z , p> , p>cosg ] in éylindrical coordinates

andaclosedloop L where L : thecircleofradius 2 on z=0 nplane,ie.,

p=2 and 0<¢ < 27

@) evaluate the value of closed line integral Cj- Gedl where di= € 2d¢
L

here , ( 7 marks )

(i)  evaluate the value of surface integral ”(6 X G) eds  where
s

S isthesurfaceon z= 0 plane bounded by the given closed loop L ,i.e.,
ds=¢é,pdp d¢ , 0<p<2 and 0<¢g < 27 .Compare this value

with that obtained in (b)(i) and make a brief remark . (9 marks )



(2)

(b)

Question four
Givénaperiodic function f(x) ofperiod & as
by If -d<x<0
o) - b-x if O<x<d
()  find the Fourier seriesof f(x) ( 8 marks )

(i)  plot the first ten partial sums of the Fourier series in (i) (i.e., the first five partial

sums of its cosine series plus the first five partial sums of its sine series) for
x=-4 to +4 . Alsoplotthegiven f(x) forx=-4 to +4 .
Show them in a single display. ( 6 marks )

Any non-periodical function f(x) (-9 < x <) can be represented by a Fourier

integral f(x) = J‘:[ (w)cos(wx)+ B(w) sin(a)x)]da) where

A(w) = %j“; f(x)cos(@x)dx , B(w)= ;li—j“; £(x)sin(ox)dx .

(1) Show that the following given integral on the left hand side represent the given

function on the right hand side :

/3 x .
o cos(xa)) 5 € ¥ x>0
j. 2 do = (9 marks )
0 1+ w T ex
—e if x<0
2
(ii) evaluate the values of the given integral in (i) for x=-1 and x=+ 2.

(2 marks)



Question five
The vibrations of a certain elastic string of length £ = 7 and fixed at both ends, i.e.,

x=0 and x = 7 ,are governed by the following one-dimensional wave equation :

O*u(x,t) 9 O*u(x,t)
at T

(a)  the general solution can be written as  u(x,t) = Z u (x,t)  where

n=1

3 3
u(x6) = (4 cos(—’;—fi £)+ B, sin(—’;—” ) sin(%”— X,

6] by direct substitution , show that u,(x,#) above satisfies the given wave
equation , ( 5 marks)
(i) showthatat x=0 and x=7 , w(x,t)=0 . ( 2 marks )
L - . Ju,(x,t)
(b) if initially there is zero initial speed , 1.e., —T— =0 forall valuesof n ,
! t=0
deduce that B, =0 , ( 3 marks)

5x if 0<x<£2

(c) ifat t=0, u(x,f)={_2x+14 if 2<x<7

) find the valuesof A4, for n=1 to 10 , ( 10 marks )

10
Gi) for t=1 and £=2 ,plot Y u(x,f) for x=0 to 7 .Show
n=1

them in a single display . ( 5 marks )



