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E471 Complex Variables

Question one

(a)  Given the following function of (x, y) as

u(x, y) = (Jc3 ~3x yz)e("z”’z) cos(a x y)+ (3 x*y-y )e("‘2 +7) sinfa x y) ,
1) determine the value of a such that the given u(x,y) is a harmonic

function, (3 marks)
(ii))  then find its conjugate harmonic function v(x.y) . (4 marks)
(b) Given w= z2=3 ,
3z-1

(1) plot its mapped line in w-plane from a unit circle, centered at the
origin and having a radius of 1, in z-plane and show that the mapped line
is also a unit circle. (3 marks)

(i)  show that the right most point of the unit circle in z-plane
(i.e,x=1,y=0)can be mapped to the left most point of the unit circle in
w-plane (i.c., u=-1, v =10). Also show that the left most point of the unit
circle in z-plane (i.e., x =-1, y = 0) can be mapped to the right most point
of the unit circle in w-plane (i.e,u=+1,v=0). (3 marks )

(i1i)  inverse the given w and express z intermsof w, then plotits
mapped line in z-plane from a circle, centered at the origin and having a
radius of 0.5 in w-plane . If the mapped line in z-plane is a circle, then
write down the centre of the circle as well as the radius of the circle.

(4 marks)
(c) Given w= cos(z) , _

(1) plot its mapped line in w-plane from a quarter of a circle, centered

at the origin and having a radius of 10, in the third quadrant in z-plane,

(4 marks )
(i)  plot its mapped line in w-plane from a line segment of x=1 and
0<y<4 in z-plane. (4 marks)



(a)

(b

Question two

eSz

Given f(z)= and Py:(-1,-6) & P,:(4,9) , find the value of

f f(z)dz ifthe integration path is :
(1) a straight line joining P; & P;.Name the answer as Al.

(6 marks)
(ii)  aparabolic path joining P; & P, with y=x> -7 . Name the answer
as A2. (6 marks )
(iiiy showthat A2-Al=27xi (e“ )232 and make a brief comment.
{4 marks)
Given f(2)= —-2———-4——— _ find its Laurent series of f(z) about the
z°—-2z+95

expansion centre z, =3+ 5i and define its convergentrange . (9 marks)



(a)

(b)

Question three

Given J' 2 14 3sin(46) de .
°  cos(26)+3
) use int command to find its answer , (2 marks)
(i)  convert it into a complex contour integral and find its answer. Compare
this answer with that obtained in (a)(1). (7 marks)

Convert the following definite integrals into complex contour integrals and utilize
the residue theorem to find

w© 1
i the value of dx 6 marks
® L" ¥t —2x* +9x - 68 x+260 ( )
@) thevaluesof | —‘j‘i@ﬂ-dx and | -—?E@)—dx
o oxt+x+4 e xt+x+4
( 10 marks )



Question four

Given a very long two non-coaxial cable system as shown below
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The outer hollow cable is having a radius of 5 and centred at the origin whlle the inner
cable is having aradiusof 3 andcentredat x=1 & y=0.
If the potential on the outer cable is 20 volt and the inzer cable is zero volts, use the
potential theorem to find the solution of the potential f(x,y) in the region between two

cables as outlined in the following steps :
(a) scale down the outer radius to the length of unity and find the appropriate value of

such that it can map these two off-centered cylinders in the

. z —
b in w=

z-1
z-plane to a pair of coaxial cylinders in the w -plane. Find also the radius of the
mapped inner cylinder in the w -plane. (10 marks )
by @ write down its general solution to the two dimensional Laplace

equation , i.e., potential function f ,intermsof w, - (2 marks)
(i)  use the above given boundary conditions to deduce a specific potential

function f(x,y}, ( 6 marks)
(ii1)  plot the equal potential surfacesof ¢,5,10,15 and 20 volts in the z-

plane and show them in a single display. (7 marks)



Question five

For a very long two parallel transmission lines system, if the radius of two lines are 2
and 5 respectively with the smaller size line on the left and their central axis are
separated by a distance of 20 as shown in the diagram below

g , o
\llij 5 5 10 11?

if these two lines are maintained at a potential difference of 3 (zero potential on the left
line and 3 volts on the right line), use the potential theorem to find the solution of the
potential f(x,y) in the region between two lines as outlined in the following steps :

(a) Choose the appropriate origin, i.e., the left line is centred at (x=—#, , y =0) and

the right line is centred at (x =+ A, , y =0), use w= Z¥C and find the

z—c
appropriate valuesof ¢ , 4, & A, such thatitcan map these two transmission
line in the z-plane into a pair of coaxial cables in the w -plane. Find also the

radius of these coaxial cables. , (14 marks )
by @ write down its general solution to the two dimensional Laplace
equation , i.e., potential function f , interms of w , ( 2 marks )
(iii)  use the above given boundary conditions to deduce a specific potential
function f(x,y), ( 4 marks)
(iii)  plot the equal potential surfacesof 0,1,2 and 3 volts in the z-plane
and show them in a single display. (5 marks)



