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QUESTION 1

(a) (i) Find the point of intersection of the lines
z=24+1, y=23t+2  z=4t+3
and
T =842, y=25+4, z=-45—1,
and then find the plane determined by these lines. [6]
(ii) Find the distance from the point {0, —1,0) to the plane 2z +y + 22 = 4.[5]
(b) (i) The graph y = f(z) in the zy-plane automatically has the parametrization

z =,y = f(z), and the vector formula r(z) = zi + (f(z))j. Use this

formula to show that if f is a twice differentiable function of z, then
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(i) Use the formula for & in (i) to find the curvature of y = In(cos z), —-n/2 <
z < /2. (2]
QUESTION 2

~
.

(a) Show that n(t) = —¢'(t)i + f'(t)j and —n(t) = ¢'(t)i — f'(t)j are both normals
to the curve r(t) = f(t)i + g(t)j at the point (f(t),g(t)). Hence find a unit
normal, N, for the curve r(t) = V4 - 21+, —-2<t<2. 6]

(b) Integrate f(z,y,z) = 2z — 6y® + 22 over the line segment C joining the points
(2,2,2) and (3,3,3). 6]

(c) Show that ydz + zdy + 4dz is exact and evaluate the integral

(8‘410)
/ ydz + zdy + 4d=.
(2,2,2)
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QUESTION 3

Give a formula F = M(z, y)I + N(z,y)j for the vector field in the plane with
the properties that F = 0 at the origin and that at any other point (a,b) in the
plane, F is tangent to the circle 22 + y? = a? + b* and points in the clockwise

direction, with magnitude |F| = va? + b%. 8]

Verify the divergence theorem for A = (2 — 2)i + z%yj — 2%k taken over the

region bounded by z=0,z=1,y=0,y=1,2=0, 2= 1. [12]

QUESTION 4

By any method, find the outward flux of the field F = (z + y)i + (22 + 2y +
sin z)j + (e + \/'Zz)f( across the boundary of the region D bounded below by the
plane z = 0, laterally by the circular cylinder z* + (y — 3)? = 9, and above by
the paraboloid z = 1% + y2. [12]

By any method, find the circulation of the field F = (22 +42)i+ (z+y)j around
the triangle with vertices (1,0), (0,1), (-2,0) traversed in the counterclockwise

direction. [8]

QUESTION 5

If F = yi+ (z —222)] — zyk, evaluate / / (V x F)-1idS, where S is the surface
s
of the sphere z2 + y* + 2% = a® above the zy-plane. [12]

Verify that the parametric equations
_ 2 — 2 _
T =p“cosB, y=p°sinf, z=p

could be used to represent the surface z? + y? — 2* = 0. Hence compute the

unit normal to this surface at any point. 8]
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QUESTION 6

The path of a highway and an exit ramp are superimposed on a rectangular
coordinate system such that the highway coincides with the z-axis. The exit
ramp begins at the origin O. After following the graph of y = —z*/4 from O to
the point P(1,—1/4), the path follows the arc of a circle in such a way that the
ramp is continuous, smooth, and has continuous curvature. Find the equation

of this circle. [12]

Find the scale factors hi, hs, and A3 in cylindrical and in spherical coordinates.
Hence find the line element ds* and the volume element dV (in cylindrical and

in spherical coordinates). 18]

QUESTION 7

Find the arc length parameter along the curve r(t) = (e’ cos t)i+ (e sint)j+e'k,
from the point where ¢t = 0, by evaluating the integral

5= / " v()dr

=0
Then find the length of the portion of the curve in the closed interval —In4 <

t <0. (6]

(b) Evaluate:

o g2 .
(1) \/0 ﬁdx, and [3]
W [ i 3

(c) Use recurrence relations to show that

2J5(x) + Jo(z) — Jo(z) =0,

where J,(z) is the Bessel function of the first kind of order n. (8]

END OF EXAMINATION



