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QUESTION 1 

(a) Let X 	= ]R2, and for x, y E ]R2, let d be the raspberry pickers' function. Show 

that d is a metric on ]R2. [13] 

(b) Let X = C[-I, 1], and let x(t) = t and y(t) = t3 for t E [-1, IJ, Find d(x,y) in 

C[-I, IJ, where d is the 

(i) uniform metric, [2J 

(ii) L1 -metric, [2J 

(iii) L2-metl'ic. [3J 

QUESTION 2 

(a) Let (X, d) be a metric space, and let A, B, C ~ X. Show that if A ~ B, then 

d(B, C) $ d(A, C), [5J 

(b) Let (X, d) be a metric space. Show that the mapping p defined below is a metric 

in each case: 

(i) p(x,y) =min{d(x,y),I}j [6J 

('.) ( ) d(x,y)
11 	 p X, Y . [6] 

(c) 	 Show that infinitely many metrics can be defined on a set X with more than 

one member. [3J 



QUESTION 3 

(a) Prove that a subset G of a metric space X is open if and only if G is the union 

of all open balls contained in it (G). [10] 

(b) Let X be a metric space, and let A, B be subsets of X. Prove that: 

i. A ~ B ===>- AO ~ BO. [2] 

ii. (AnB)o=AonBo. [6] 

iii. AO U BO ~ (A U B)o. [2} 

QUESTION 4 

(a) Let X be a metric space, and let F be a subset of X. Prove that F is closed if 

and only if it's complement, FC, is open in X. [1O} 

(b) Consider]R2 with the New York metric, and let (x(n))n2:l, where x(n) = (xin), xr)), 

be a sequence of points in ]R2. Prove that (x(n))n2:1 converges to x = (Xb X2) E 

]R2 if and only if either 

(n) \.J ru d (n)1. Xl = Xl v n E !'q an -r X2, orx2 

(n)...J. f "K>.T d (n) (n) 02. Xl I Xl or some n E .l"l, an Xl -r Xl! X2 -r X2 = . [10] 



QUESTION 5 

(a) Let X be a metric space and (Xn)n2:1 be a sequence in X. What is meant by 

saying that (Xn)n~l is convergent? [2] 

(b) Decide whether or not the following sequences are convergent in the usual (Eu

clidean) metric on IR2: 

. 	 (n3 3. (n1f)) [4J(1) Xn = 3n3 1 ' 3n + 2 sm"2 ; 

(ii) Xn = (lO-n 
, (-1r exp (~)). 	 [3J 

(c) 	 (i) Suppose that (Xn)n2:1 converges to x in C[a, b] in the uniform metric. Ex

plain what is meant by pointwise convergence of a sequence (Xn)n2:1 in 

C[a, b]. Show that (Xn)n2:1 converges to x pointwise. [1,3] 

(ii) Let 	Xn in C[O, 1J be defined by 

..!!L ifO<t<1-!n-1 	 - - n' 
x.{t) ~ 	{ n{l 

t) if 1 -	 ~ ~ t ~ 1. 

Sketch the graph of xn(t) and show that (Xn)n2:1 converges pointwise to 

the function 

X(t) {t if 0 ~ t< 1, 

o ift=1. 

Deduce that (Xn )n2:1 is not convergent in C[O, 1] in the uniform metric. [1,5, 1] 



QUESTION 6 

(a) Describe the open balls B(a, 3) and the closed balls B[a, 3] in ]R2 with respect 

to the raspberry pickers' metric, where 

i. a = (0,0), and 	 [2,1] 

ii. 	 a = (2,3). [2,1] 

(b) 	 Show that for any two points x and y of a metric space, there exists disjoint 

open balls such that one is centered at at x and the other one is centered at 

y. 	 [5] 

(c) 	 Prove that the limit point of a set S in a metric space X is either an interior 

point or a boundary point of S. [3] 

(d) Prove that an isolated point of a set S in a metric space X is a boundary point 

of se. [3] 

(e) 	 Prove that a boundary point of a subset S of a metric space X is either a limit 

point of S or an isolated point of S. [3] 



QUESTION 7 

(a) Let f be the function f : C[a, 1] -t lR defined for x E C[a, 1] by f(x) = x(a). 

Show that f is not continuous with respect to the L1-metric on C(O, 1] (and 

the usual metric on lR) by considering the functions given by 

xn(t) = { (n - l)t if a$; t $; ~, 
1 - t if ~ $; t $; 1. 

(Hint: Sketch the functions xn(t) and consider their limit in the Ll-metric).[6] 

(b) Let (X, d) be a metric space with the metric 

a if x = y, 

d(x,y)= { 3 if xi-yo 

Show that any Cauchy sequence in X is eventually constant, and deduce that 

(X, d) is complete. [4] 

(c) i. Explain what is meant by a contraction of a metric space. Show that if 

f : [a, b] -t [a, b] is differentiable, then f is a contraction if and only 

if there is a positive real number r < 1 such that 1f'(x)1 $; r for every 

x E (a, b). [4] 

ii. State without proof the Contraction Mapping Theorem. [2] 

iii. Show that the mapping f : [-1,1] -t [-1,1] defined by 

1 
f(x) = 14 (3x3 

- 2X2 + 9) 

is a contraction, and deduce that there is a unique solution to the equation 

3x3 - 2x2 -14x + 9 = 0 in the interval [-1,1]. [4] 

END OF EXAMINATION 


