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Instructions 

l. This paper consists of TWO sections. 

a. 	SECTION A(COMPULSORY): 40 MARKS 


Answer ALL QUESTIONS. 


b. 	SECTION B: 60 MARKS 

Answer ANY THREE questions. 

Submit solutions to ONLY THREE questions in Section B. 

2. Each question in Section B is worth 20%. 

3. Show all your working. 

4. Special requirements: None. 

THIS PAPER SHOULD NOT BE OPENED UNTIL PERMISSION HAS BEEN GIVEN BY THE 

INVIGILATOR. 
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SECTION A: ANSWER ALL QUESTIONS 

Question 1 

(a) Consider a set A ~ lR. 

(i.) Define a limit point of the set A. [3] 

(ii.) 	Explain what is means to say that the set A is bounded below and define 

inf(A). [3] 

(iii.) True or false. The set N of natural numbers is not a neighborhood of any of 

its points. Explain your answer. [3] 

(b) 	 (i) Precisely explain each of the following statements about a sequence < an > 
in ~ 

(I.) < an > is convergent. [3] 

(II.) < an > is a Cauchy sequence. [3] 

(ii.) 	 Let an and bn be two convergent sequences. prove that the sequence an + bn 

also convergent. [4J 

(iii.) 	Prove that if the sequence < an > is convergent, then < an > is bounded. 

[4] 

(c) Let L 'Un be a series in ~. Precisely explain the following statements. 

(i.) L Un converges. [2] 

(ii.) L Un is absolutely convergent. [2] 

(d) 	 Let f : [a, b] -+ ~ be a function and let c E (a, b). Precisely eA-plain the following: 

(i.) f is continuous at c. [3J 

(ii.) f is uniformly continuous on [a, b]. [3] 

(iii.) Prove: If f is differentiable at c then, then f is continuous at c. [4] 

(e) State the Riemann's integrability criterion. 	 [3J 
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SECTION B: ANSWER ANY 3 QUESTIONS 


Question 2 

(a) 	 Show that for any x, y E ~, Ix + yl ::; Ixl + Iyl· [6] 

(b) 	 Show that for a bounded set S s: ~, there exists a positive number A such that 

Ixl ::; A Vx E S. Prove that the converse is also true. [6J 

(c) 	 Show that 
x2 -1 when x ~ 1 

f(x) 	= { I-x when x < 1 

is not differentiable at x = 1. [8] 

Question 3 

(a) Find the limit superior and limit inferior of the sequence 

[6] 

2n -7 
(b) Prove that a sequence < > 

3n+ 2 
(i) is monotonically increasing, 	 [3] 

(ii) 	 is bounded, [3] 

2 
(iii) tends to the limit "3' 	 [3] 

(c) 	 Prove: If a sequence < an > converges I, then every suboequence of < an > also 

converges to l. [5] 
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Question 4 

(a) State the Cauchy convergence criterion for series. 	 [3] 

00 

(b) 	 Prove that I: an is convergent, then lim an = 0. [5J 
n=l 	 n-+oo 

(c) 	 Is the converse of the previous statement, (b), true? Justify your answer. [3] 

(d) 	 Prove: The necessary and sufficient condition condition for the convergence of 

a positive term series I: an is that the sequence < Sn > of its partial sums is 

bounded above. [9] 

Question 5 

(a) 	 If an 2 + (-1
2
)n, find the least positive integer m such that 

n 

21 < -4 
1 

Vn>m. [8]
10 

(b) 	 Let f : [a, b] ~ ~ be a function, and let C E (a, b). Precisely explain each of the 

following statements. 

(i) 	 A real number p is the left derivative of f at c. [2] 

(ii) 	 A real number q is the right derivative of f at c. [2J 

(c) 	 Show that the function defined by f(x) x3 is uniformly continuous on [-1,1]. 

[8] 

Question 6 

2(a) 	 Let f(x) x for x E [O,IJ and let P {O,~,~,!, I} be a partition of [0,1]. 

Compute U(P, I) and L(P, I). [10] 

(b) From the definition of the Riemann integral show that J:(2x + 3) = 6. [10] 

End of Examination Paper 

4 


