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P320 CLASSICAL MECHANICS 


Question one 

(a) 	 Given the following definite integral of 

J(a) = ftl f{y(a ,x),y'(a ,x),y"(a ,x),y'''(a ,x);x) d x , where the varied integration 
JXl 


path is y{a ,x)=y{x) + a 1]{x) , 1]{x1) =1](x2 ) = 0 , 


d1]{x) 
dx dx 

=0 as shown in the 

following diagram : 

8J(a)1
Using the extremum condition for J ( ) a ,i.e., = 0 ,to deduce that I· 

8a a=O 

f along the extremum path ,i.e., f(y{x),y'{x ),y"{x),y'''{x );x), satisfies the following 
equation: 

8 f 	 d (8 fJ d (
8f J d (8 f J 0 (12 marks)

8 y - d x 8y' + d x

2 

2 8y" - d x

3 

3 8y'" = 

2 



Question one (continued) 

(b) A simple pendulum of length b and mass m moves on a mass.:less rim of radius a 
rotating with constant angular velocity (1) as shown in the figure below: 

• 


'J 

i, 
I 

8
1 ~ 
1\ 
: .'111 

Write down the Lagrangian of the system in terms of e and then deduce the following 
equation of motion 

jj - a ai cos(e - cot)+ g sin(e)= 0 ( 13 marks)

b b 
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Question two 

A spherical pendulum of mass m and length b is shown in the figure below: 

• 
Ie 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I

e-.DiP 
I 
I 

(a) (i) From x=bsin(O)cos(¢) , y=bsin(O)sin(¢) & z=-bcos(O) and 

T = 1 m (.:e + y2 + Z2) & 
2 

V =m g z ,deduce the following Lagrangian 

for the system in terms of 0 & ¢ as 

L =! m b2 ((}2 + ¢2 sin2(O))+ m g b cos(O)
2 

. ..... (1) (S marks) 

(ii) Write down the equations of motion for 0 & ¢ and deduce that 

dPe =mb2 sin(O)cos(O)¢2 -mgbsin(O)
dt 

(2) 

d P; =0 
dt 

(3)' 

(S marks) 
(iii) From eq.(3), one has P; = const. secas> K ,deduce from eq.(2) the following 

equation for sman 0 ,i.e., (Sin(O) '" 0 and cost0) '" I -0: or I) ,that 

243" 2m bOO = K - 2m 3 4g b 0 (). . .... . 4 ( 4 marks ) 

(iv) If K = 0 in eq.( 4), write down the general solution of O(t) . ( 3 marks ) 

(b) (i) Find the Hamiltonian of the system in terms of 0 ~ ¢ , Pe & P; . 
(4 marks) 

(ii) Write down the equations of motion for H in (b )(i). ( 4 marks ) 
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Question three 

(a) 	 Given the Lagrangian for the two-body central force system as : 

L=T-V=!,u~2 +r2 82 )+!
2 	 r 

where 	 ,u is the reduced mass ofthe system, k is a positive constant and (r ,0) are polar 
coordinates of the motion plane with its origin at the center of mass of the two-body 
system. The integral form of orbital equation can be written as 

• (:2 )
0== J dr + const. ...... (1) 

2,u (E _ [2 + k)
2,u r2 r 

where 	 [==,u r2 8 (Le., angular momentum) and E =! ,u ~2 + r2 82 
)_ k 

2 	 r 
(Le., total energy) are two constants of the system. 
Choose the integration constant in eq.(l) as zero (Le., this is the same as choosing 

1
the initial value of r as rmin at 0 = 0 ) , and set UE 	 - , 

r 
(i) 	 show that eq.(1) can be simplified as 

...... 	 (2) (2 marks) 
0=-	J(~_~, +3E: u) d U 

[2 [2 

(ii) 	 combine (U 2- 2 ~ k U) in eq.(2) into the first two terms of a perfect square 

of u' and show that eq.(2) can be further simplied to 

...... 	 (3)
0= -	 f~(a' ~ (0')' )d u' 

(2 marks) 
,u2 e 2 ,u E 	 ,u k 

where 	 a= +-- & U'EU-
[4 [2 	 [2 

(iii) 	 set U' = a cos(P) and carry out the integral of J~(
a2 

I , ) d u' and 
- (u') 

showthat eq.(3) becomes 0=/3 ...... (4) 	 (2 marks) 

(iv) 	 Taking cosine of eq.(4) and using u';" a cos(P) , u' E U - ~2k & U =.; , 
deduce the following orbital equation 

2~El + 8 cos(O) where a E~ & 8 E DE [2 (6 marks) 
r 	 ,uk VlTpk 
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Question three (continued) 

(b) If an earth satellite of 500 kg mass is having a pure tangential speed 

vf) (= r iJ) =9,000 m at its near-earth-point 800 km above the earth surface, 
s 

(i) 	 calculate the values of 1 and E of this satellite, ( 4 marks ) 
(ii) 	 calculate the values of the eccentricity 8 and show that the orbit is an elliptical 

orbit. Also calculate its period. (2+4 marks ) 
(iii) 	 what should be the minimum value of the vf) at the same given near-earth-point • 

such that the satellite would have a open orbit ? 	 ( 3 marks ) 
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Question four 

Consider the motion of the bobs in the double pendulum system in the figure below . 

• 

I 111
, 
I 

,- - - - - - --7X 

Both pendulums are identical and having the length b and bob mass m . The motion of both 
bobs is restricted to lie in the plane of this paper, i.e., x-y plane. 

(a) (i) For small 0, and 0, ,i.e., (sin(e) ~0 and cos(O) ~1- 0; or 1) , show 

that the Lagrangian for the system can be expressed as: 

2 . 2 1 2' 2 2 . . (2 0; ) ( ) 
L=mb 8 +-mb 0 +mb 0 0 -mgb 1+0 +- ...... 1 

12 2 12 12 


where the zero gravitational potential is set at the equilibrium position ofthe lower 
bob, i.e., 01 =0 , O2 =0 and y =0 . "(5 marks ) 

(ii) Write down the equations of motion and deduce that 
.... g ( ) 28 +0 =-2-0 ...... 2 


1 2 b 1 

(5 marks) 

.. .. g ( ) { 0+8=--0 ...... 3 

1 2 b 2 


(iii) Deduce from eq.(2) & eq.(3) the following: 

iJ = - 2 g 8 + gO .. ··.. (4)
1 bib 2 


(3 marks)
{ .. g g ( ) o =2-0 -2-0 ...... 5 


2 bib 2 
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Question four (continued) 

(b) (i) Set ()l =Xl e iOJt and 82 =X2 e iOJI (where Xl and X2 are constants) and 

deduce from eq.(4) & eq.(5) the matrix equation - w2 X = A X where 

X = (~lJ and 

X 2 

A = - ( 
2 ! ) 
2! 

!
-(2!) 

(3 marks) 

(ii) Find the eigenfrequencies w ofthis coupled system and show that they are 

<q = ~(2 - ./2) : & "', = ~(2 + ./2) : (5marks ) 

(iii) Find the eigenvector corresponding to w, in (b)(ii). (4 marks) 
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Question five 

(a) 	 The fixed (or inertia) coordinate system X' shares the same origin with the body 
coordinate system X such that only rotational motion is considered. The rotational 
velocity iiJ of the body system with respect to the fixed system are breaking down into 

three independent angular velocities, i.e., iiJ = ~ + e+ t; where (q> , e,1//) are Eulerian 
angles. We use two intermediate coordinate systems X" & X'" to bridge between X' 
& X systems such that XI! = A~ X', X'" = Ae XI! & X = Alfl X'" where 

A~ =[~~:(~) ::.~~ ~J' Ae =[~ co~(e) Si~e)J' Alfl =[~~:(J) ::.~:~ ~lJ• 
o 0 1 0 - sin(e) cos(e) 0 0 

as shown in the figure below. 

(a) 
X3' = x) 

(b) 

\. (e) Line of nodes 

r.'>l __ "A"" 

(i) 	 Since the direction of ~ is along X3' -axis (which is the same as X3" -axis) with 

the magnitude of ¢> thus (q;)' ~ [:J in X" system ,show that q; in X 

rp sin(e) Sin(I//)J 
system(Le., the body system) is (~)= it? sin(e) cos(I//) in X system. In other 

[ rp cos(e) 

words, show that 

rp sin(e) sin(1//)] [OJ 

rp si~(e) cos(I//) = Alfl Ae ~ (5 marks)


[ 
q> cos(e) q> 
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Question five (continued) 
,po 

(ii) Since the direction of iJ is along xi" -axis (which is the same as Xl'" -axis) 

with the magnitude of iJ thus (0) = min X'" system, show that 0 in X 

system(i.e., the body system) is (0) = (!;:~~(;)) .In other words, show that 

(!;::(;))=A. m 	 (3 mar~) 
(iii) Since any rotational velocity ofa rigid body can be expressed as ifJ = i> + iJ + If 

deduce that 	 iJJ in X system(Le., body system) in terms of Eulerian angles is 

WI J (ip sin(0)sin(", ) + iJ cos(",)] 

(ifJ) 	 w2 = ipSin(O~cos(",)-~sin(",) inX system (4 marks) 
[ 

W3 	 qJ cos(O) +'" 
(b) 	 (i) By proper choice ofthe orientation ofthe body coordinate system, the inertia tensor 

I (Le., rotational mass) of a rigid body can be in the form of a diagonalized 

II 0 OJ 
matrix, i.e., 1= 0 12 0 • thus its rotational kinetic is 

[ o 0 ~ 	 J 

1 	 2 1 2 1 2 
Trot 	 II WI + - 12 {i)2 + 13 (i)3

2 2 2 
Consider a torque free pure rotational motion ofthe rigid body, then its 
Lagrangian is 

1 2 1 I 2 1 I 2 Lf 0>L = Trot 	 = - II W1 + - 2 W2 + - 3 {i)3 -+ \qJ,
2 2 2 

Write down the Lagrange equation of motion for '" 

(II - 12) WI W2 - 13 tV3 =0 ...... (1) . 

. O' 	 . ) 
, '" , qJ , , '" 	 • 

and deduce that 

(11 marks) 
(ii) 	 Based on what argument one can write down the other two equations ofmotion 

directly from eq.(l) in (b)(i) as . 

(I2 - IJ w2 W3 - 11 tV1 =0 & (13 - IJ W3 WI - 12 tV2 =0 without going 

through the similar process of finding the equations of motion for the other two 
Eulerian angles? ( 2 marks ) 
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Useful informations 

v = - fF. d T and reversely F = VV 

n 

H = 2:(Pa tiJ- L = H(ql ,Q2 ,··,qn ,til ,ti2 ,",tin ,t) 
a-I 

G =6.673 X lo-II N ~2 
kg 

radius of earth = 6.4 x 106 mrE 

= 6 x 1024 mass of earth mE kg 

h ' 'I k h k Geart attractIve potentIa == - - were = m mE 
r 

s =~1 + 2 E I' {(s =0, circle), (0 < s <1, ellipse), (8 = 1, parabola), .,,111k 

k
semi - major a =-

2/EI 
. . b I 

seml-mmor = ~2111EIFor elliptical orbit, i.e., 0 < & < 1, then 

period T = 2 (n a b) 
I 

rmin =a (1 &) & rmax a (1 + &) 
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Useful informations (continued) 

Lma (X~,2 + 
a 

X;,3) - Lma Xa,l Xa,2 
a 

- Lma xa,) 
a 

Xa,3 

1= - Lma Xa,2 
a 

Xa,l Lma (x;,\ + X~,3) 
a 

- Lma Xa,2 
a 

Xa,3 

- Lma Xa,3 
a 

Xa,l - Lma Xa,3 Xa,2 
a 

Lma (x;,\ + 
a 

X;,2) 

Feff = F - m R - m tt X f - m W X (w X f) - 2 m wX v, wheref 

f'=R+f and 

f' refers to jixed(inertial system) 

r refers to rotatinal(non - inertial system) rotates with wto f' system 

R from the origin of f' to the origin of f 
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