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P331 ELECTROMAGNETIC THEORY 


/0 Lf
Question one 

A very long straight coaxial cable, with an inner solid wire of radius a and an outer hollow wire 
with inner radius b and outer radius C , is given a potential difference Vo across the wires. In 

between the wires (a < p < b) is filled with a layer of insulating material with permittivity & as 

shown in the figure below. 
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(a) 	 From V' 2 f (p) = 0 with boundary conditions of f{p = a) = 0 and 

find the specific solution of f(p) and show that 

(9 marks)
f(P)= In(~) It) . 

(b) 	 Find the electric field E from f(p) obtained in (a). (3 marks) 

(c) 	 (i) Find the surface conduction charge density P.,' on P = a and p =b 

conducting surfaces respectively. Then find the total charges deposited on both 
surfaces, if the total cable length is L ,and show that they are equal and opposite. 

(4+4 marks) 
(Hint: For the conducting surfaces in contact with the dielectric region of & ,then 

Ps =en • (& jj;) where en is the normal outward unit vector on conductor 

surface. ) 
(ii) 	 Write down the capacitance C as well as the distributive capacitance Cd of the 

given coaxial cable. Show that 
21C& 

(2 marks) 
Cd = In(!) . 

(iii) 	 If given the values of a = 2 mm, b = 8 mm & & = 3 &0 ,calculate the value of 

Cd . ( 3 marks) 
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Question two /05 

(a) 	 A thin conducting wire oflength 2 L , with its central axis coinciding with the z-axis and 

its centre point coinciding with the origin, carries a steady total current I along positive 
z-direction as shown in the figure below. 
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(i) 	 Since the given current source is only along z-axis the vector potential at 
p (p,¢',O) is also having only z component A= , i.e., 

- _ IZ ' = + L f.1.o I d Z' J"' = + L f.1.o I d z'
A = e 	 A where A = =2 

Z Z Z z'=-L 4 1C R z'=o 4 1C ~(z,y + p2 ' 

carry out the above integral for A. about z' and show that 

A = f.1.o I In(L + ~L2 + p2 J (8 marks) 
z 21C P 

(Hint: set z' =p tan(a ) , Jsec(a) d a =In(sec(a) + tan(a )) ) 

(ii) 	 For L» p use A~"iz f.1.o I In(2 LJ and B=Vx A to show that 
21C p 

(5 marks) 
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Question two (continued) 
IOfo 

(b) 	 Two very long thin conducting wires parallel to z-axis and lying on the x =0 plane, i.e, 
y - z plane ,one situated at y = a and carries a current I A along - z direction and 

the other situated at y + a and carries a current I A along + z direction as 
shown in the following diagram. 
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A rectangular conducting loop of dimension D x c is placed on x 0 plane and a distance 
of d away from the z-axis as shown in the above diagram. 
(i) 	 Utilize the result in (a)(ii) , apply the superposition principle to deduce that the 

magnetic field at point P: (0, y ,z) within the rectangular loop due to the two 
parallel conducting wires is 

-( 	 ) - Po I (1 1 JBO,y,z =ex -- ----- (4 marks)
27r y+a y-a. 

(Hint: on x = 0 plane e; = - ex ) 
(ii) 	 Find the total magnetic flux <l> m =1B. d s passing through the surface area 

confined by the rectangular loop, i.e., S: x = 0 • d s y s d + D , b s z s b + c 

and ds = ex d y d'z ,in terms of Po' a, b, c ,'d , D & I . Show that the mutual 

inductance between the rectangular loop and the parallel wires is 

M=/lo c In((d+D+a)(d-a)] (8 marks) 
2 7r (d + D - a)(d + a) 
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Question three 	 lOt 
(a) 	 Apply an electric field E to a pure conducting solid material. According to modified 

Drude's model, the equation of motion for an average conduction electron in the solid 
material can be written as 

d E- 2 me Vd m = - e - ----=-----=
e dt 1:1 

where 	 - e & me are the electron charge and mass respectively. 

(i) 	 Explain briefly the meanings of vd , 1:f and . (3 marks) 

(ii) In the steady state case, i.e., o ,deduce the following point form of 
dt 

2 

Ohm's law J = 0' 'E where 0' 
n e

1: r and n is the number density of the 
2 me . 

conduction electrons in the material. ( 6 marks ) 
(Hint : ] =Pv Vd = - n e Vd ) 

(iii) 	 Pure solid Ruthenium Ru has an atomic weight = 101.07 kg / kg-mole, a density 
= 12200 kglm3 and a conductivity 0' = 1.4 X 107 n- I ~-1 at room temperature. 

(A) 	 Find the number of conduction electrons per meter cube, i.e., number 
density n , for metal Ru if each Ru atom contributes two conduction 
electrons. ( 4 marks ) 
(Hint: one kg-mole pure metal contains 6.022 x 1026 atoms) 

(B) 	 Find the value of 1:1 for Ru metal at room temperature. (4 marks) 

(b) 	 The Maxwell's equations for a material region with parameters of eu, & , 0') are 

ij • 'E(space ,t) =0 (1) 


ij. iI(space ,t) = 0 (2) 


n E-( ) afI(space ,t) (3)
v x space, t = - f.1 ~--'--'=----~-'-at 
- -( ) -( ) a'E(space t)V' x H 	space, t =0' E space, t + & ' (4)at 

(i) 	 Setting 'E(space,t) = E(space)e iaJ 
/ . & iI(space,t) = iI(space)e iaJ 

[ ,deduce 

the following time-harmonic Maxwell's equations: 

ij • i(space) = 0 (5) 

ij • iI(space) = 0- -
Vx i(space) = i 01 f.1 iI(space)- -

(6) 

(7) 

ij x iI(space) = (0' + i 01&) E(space) (8) 
(3 marks) 

(ii) From equations in (b )(i) deduce the following wave equation for 

V'2 H(space) =r2 H(space) where r= ~i01f.1(O' + i01&) 

iI(space) as 

(5 marks) 
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Question four 

(a) 	 A uniform plane wave traveling along + z direction with the field components 
iEx (z) & Hy (z) has a complex electric field amplitude i:, = 80 e 40" V1m and 

propagates at a frequency f = 6 x 105 Hz in a material region has the parameters of 

CJ
11=110 , &=4&0 & -=0.7 . 

m& 

(i) 	 Find the values of the propagation constant r (= a + i /3) and the intrinsic wave 

impedance ij for this wave. ( 4 marks ) 

(ii) 	 Express the electric and magnetic fields in both their complex and real-time forms, 
with the numerical values of (a)(i) inserted. ( 4 marks ) 

(iii) 	 Find the values of the penetration depth, wave length and phase velocity of the 
given wave. ( 3 marks ) 

(b) 	 An uniform plane wave is incident normally upon an interface separating two regions. 

~ ~ . ~ i+ 1 .• J 
The incident wave is given as [E;I = E;1 e- rl 

Z ,H;I = ij~ e- rl 
Z and thus the 

o - -  -~ J 

6 




Question four (continued) 

A 

(i) 	 From the boundary conditions at the interface, i.e., both total Ex & Hy are 

continuous at z::::: 0 , deduce the following 
A A

E- -	E+ 112 -111 
ml -	 ml A A 

112 + 111 (8 marks)
E+ = E+ 2 ~2 

m2 	 ml,.. ...... 
112 + 111 

(ii) 	 If region1 is air (i.e., ~I =120 Jr 377 n), region 2 is a lossy medium with 

parameters of (112 = 110 , 8 2 980 , ~ = 11 ,and the incident plane wave is 
aJ 8 2 ) 

ihaving a complex amplitude of E; 1 100 e 50° V1m and propagates at a frequency 

of /=106 Hz. 

(A) 	 Calculate the value of ~2' (2 marks) 

(B) 	 Calculate the values of E: 1 (4 marks) 
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Question five 
((0 

A uniform plane wave (i;l, iI;!) ,with a frequency f ,is incident normally on a layer of 

thickness d2 , and emerges into region 3 as shown below: 
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' & 03 are the respective origins for region 1 ,2& 3 chosen at the first and second 01 O2 

interface. 

(a) 	 Define for the (h region (i = 1, 2,3) the reflection coefficient r; (z) and the total wave 

impedance Z; (z) and deduce the following: 

~ ( ) _" 1+ ri(Z) " 
Z; Z -'l; 1 rj(z) (2 + 7marks) 

{ 
r 

j 
(z')=r

j 
(z)e 2f

,(r'-r) where z' & Z are two positions in ithregion 

(b) 	 If f == 107 Hz and d2 == A2 ,region 1 & 3 are air regions and region 2 is a lossless 
4 

region with parameters flz == flo , &1 =16 &0 & (J' 0, 
01& 

(i) 	 find the values of PI , P2 , P3 , A2 & rlz' (note: 'rll = rl3 == 120 1'( n 
and == =0) ( 4 marks')a l a z a 3 

(ii) starting with r3 (z) = 0 for the rightmost region, i.e., region 3 , and using 

continuous Z at the interface as well as the equations in (a) , find the values of 

Z3 (0) , Zz(0) , r2 (0) , r2 (- d2) , Z2 (- d2) , Z! (0) & r, (0) 
(10 marks) 

(iii) 	 find the value of i~ 1 if given i~! = 50 V1m . (2 marks) 
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fi 

/3 = OJ fii& 
fi ~1+(:J +1 

Useful informations I I 1 . \ \

e==1.6x10- 19 C 

me == 9.1 x 10- 31 	 kg 

flo =4 Jr X 10- 7 	 H 
m 

&0 =8.85 X 10- 12 	 F 
m 

OJ fii& 
a =-,-=- ~-1 

170 = {flo =120Jr n =377 
~ &0 

/30 =OJ ~ flo &0 

#s E- d s = : HIv Pv d v 
#s iJ-ds=O 

{ - - a
E-dl =

L at 

i7 _E= Pv 
& 

i7-iJ=o 
- - aBVxE=-at 
- - - aEVxB=flJ+fl&at 
j (]' E 
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- - - - - - --
D = & E = &0 E + P & B = fl H = flo H + M 

#s F. ds = fflv (v. F) dv divergence theorem 

{ F. df = Ifs (V x F). d s Stokes'theorem 

V. (V x F)= 0 

Vx(V 1)=0 
Vx (Vx F)=V (V. F)- V2 F 
i'71 - 0 - 01 _ 01 _ 01 _ 1 0 _ 0 
v =e +e -+e -=e -+e +ez 

Zx Ox y oy oz p op t/! P 0¢J Oz 

_ 0 _ 1 01 _ 1 0 


, = er Or +ee -; oe + et/! r sin(e) 0¢J 


o(Fy) o(FJ 1 O(Fp p) 1 0 ) o(FJ

+--+--=- + +-

ox 0 y 0 z pop p 0¢J 0 z 

=_1 0(Fr r2) + 1 0(Fe sin(e)) + 1 0(Ft/! ) 


r2 Or r sin(e) oe r sin(e) 0¢J 


VxF=e [O(FJ O(FY")]+e (O(FJ O(FJJ+e [O(Fy)_O(FJ] 
x oy oz y oz ox ox oyZ . 

= (O(FJ _ o(Ft/! p)]+e [O(Fp)_ o(FJ] + ez (O(Ft/! p) _ O(Fp)J 

p 0¢J oz t/! oz op P op 0¢J 


= er [O(Ft/! r sin(e)) _ o(Fe r)] + ee (O(Fr) _ O(Ft/! r sin(e))]+ (o(Fe r) _ O(FJJ 
r2 sin(e) oe 0¢J r sin(e) 0¢J or r l or oe 

where F ex Fx +ey Fy +ez Fz =ep Fp +et/! Ft/! +ez Fz =er Fr +ee Fe +et/! F; and 

df =ex d x + e y d y + ez d z =epdp + e; p d ¢J + ez d z =er d r + e e r de + e; r sin(e)d¢J 
2 2 2 2 2 

V2 1 0 1+ 0 1 + 0 1 =~ ~(p 0 I: + _1 0 1 + 02ox2 ox2 ox p opl op p2 0¢J2 0 

2 


1 0 ( 2 o/J 1 0 ( . (e) o/J 1 0- r - + sm - + ----:--------,,--,--:
Or Or r2 sin(e) oe oe r2 sin2(e) 0 

~.()=~. l+r/(z) r".( )= Zt(Z)-rli & 
Zt z rJ, ~ ( ) ,Z ()A A

l-r; z Zi z -rJi 

r; (z') =r
i 
(z) e2y; (z' - z) where i' & z are two positions in i1h region 
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