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Question 1 

A Personal Identification Nwnber (PIN) consists of four digits in order, each ofwhich may be 
anyone of 0, 1,2, ... ,9. 

a) 	 Find the nwnber of PINs satisfying each ofthe following requirements. 
(i) All four digits are different. 
(ii) There are exactly three different digits. 

(iii)There are two different digits, each of which occurs twice. 

(iv)There are exactly three digits the same. 


(9 Marks) 
b) 	 Two PINs are chosen independently and at random, and you are given that each PIN consists 

of four different digits. Let X be the random variable denoting the nwnber ofdigits that the 
two PINs have in common. 

.. 	 _ J~)(:-k). _
(1) ExpIam clearly why P(X - k) - (~O) ,for k - 0, I, 2, 3, 4. 

(4 Marks) 
(ii) Hence write down the values ofthe probability mass function ofX, and fmd its mean and 

variance. 
(7 Marks) 

Question 2 

Three switches connected in parallel operate independently. Each switch remains closed with 
probabilityp. 

s.,
Input -~--_-/.. o-----~- Output 

(a) Find the probability of receiving an input signal at the output. 
(10 Marks) 

(b) Find the probability that switch S} is open given that an input signal is received at the 
output. 

(10 Marks) 



Question 3 

(a) The random variable X has the binomial distribution with probability mass fimction 

P(x=x)=(~JpX(l p)2-X, x=O,1,2; O<p<l. 

Write down E(X), Var(X) and P(X = 2) in terms of the parameter p. Also find 
P(X = 0 IX < 2) and P(X = 1 IX < 2), simplifying your answers as far as possible. 

(12 Marks) 
(b) The random variable T follows the exponential distribution with rate parameter A, with the 

probability density fimction (pdf) ofT given by 

Obtain the cumulative distribution fimction (edf) FT(t) ofT, and Show that 
Pea < T:$ b) =e .~ - e -Ah. 

(8 Marks) 

Question 4 

Flaws in lengths of fibre optic cable made by Co~pany A occur in a Poisson process at rate AA 
per metre length, so that the number of flaws X in a length of I metre of rope has the Poisson 
probability mass fimction 

exp(-A}).(A}Y
P(X=x)= , x=O, 1,2, ... ; i.A>O. 

x! 
(a) Find the probability that there are (i) no flaws, (ii) more than 2 flaws, in a 1000-metre 

length of rope made by company A, given that AA = 0.002. 
(4 Marks) 

(b) Company B makes similar cable, indistinguishable in appearance from that made by 
Company A, in which flaws occur in a Poisson process at rate AB =0.003 per metre. A 
communications system is installed with 100 metres of rope from Company A and 100 
metres of rope from Company B. Assuming that the lengths ofcable supplied by A and B 
are independent, find the probability that (i) there are no flaws, (ii) there is exactly one 
flaw, in the installation. 

(5 Marks) 
(c) A telecommunications company buys 75% of cables from Company A and 25% from 

Company B. The supplier's label has become detached from a drum ofcable of length 2 
km which is found to have 7 flaws. Find the probability that this drum was supplied by 
Company A. 

(6 Marks) 
(d) Suppose, instead, that the cable in this drum had been found to have 8 flaws. Find the 

probability that this drum was supplied by Company A. Compare this probability with 
your answer to part ( c) and comment. 

(5 Marks) 



Question 5 

The joint probability density function ofthe random variables X and Y is 

f(x, y) = 2~ exp(-*(x-l? -(y -*(1 + X»)2), - Cf) < x < Cf), - Cf) < Y < (I). 

(a) Show that X has the Nonnal distribution with mean 1 and variance 2. 
(7 Marks) 

(b) Show that the moment generating function ofX is mx(t) =exp(t + f) 
(7 Marks) 

. (c) Use the moment generating function to find E(X3). 
(6 Marks) 

Question 6 

Two tennis players, A and B, are playing a match. Let X be the number of serves faster than 125 
kmIh served by A in one ofhis service games and let Y be the number ofthese serves returned 
by B. The following probability model is proposed: 

P(X = 0) 0.4, P(X = 1) = 0.3, P(X =2) 0.2 and P(X = 3) =0.1. 

The conditional distribution ofY (given that X =x > 0) is binomial with parameters x and 0.4, 
and P(Y = 0 IX =0) = 1. Assume that this model is correct when answering the following 
questions. 

(a) Find the joint probability distribution ofX and Y and display it in the fonn ofa two-way 
table. 

(7 Marks) 
(b) Find the marginal distribution of Y and evaluate E(Y). 

(4 Marks) 
(c) Find Cov(X, y). 

(4 Marks) 
(d) Use your joint probability distribution table to find the probability distribution ofthe 

number ofserves faster than 125 kmIh that are not returned by B in a game. 
(5 Marks) 



Question 7 

Suppose that X and Y are independent random variables with the same probability 
density function (Pdf) f (x). 

(a) Write down, without proof, a formula for the pdfofX + y. 
(2 Marks) 

(b) Suppose that f (x) =xl2 for 0 < x < 2 (and f (x) =0 elsewhere)~ Find the pdfofW = X + Y 
for 0 < W < 2 and for 2 < W < 4. 

(12 Marks) 
(c) FindthepdfofV=(X-li· 

(6 Marks) 



• STATlSlleAL TAmES 



Normal Distribution 

Table C-1. Cumulative Probabilities of the standard Normal Distribution. 

Entry is area.;\ under the standard normal curve from -00 to z(A) 

z .00 .oi .02 .03 .04 .05 .06 .07 .08 .09 

.0 .3000 •.5040 .S080 .SI20 .5160 .5199 .5239 .52'19 .5319 .5359 

.1 .5398 .5438 .5478 .5517 .5557 .55% .5636 .5675 .5714 .5753 

.2 • .5793 •.5832 .5871 .5910 .5948 .5987 .6026 .6064 .6103 .6141 

.3 .6179 .6217 .6255 .6293 .6331 .6368 .6406 .6443 .6480 .6517 

.4 .6554 .659J .6628 .6664 .6700 .6736 .6772 .6808 .6S44 .6879 

.5 .69lS .69S0 .6985 .7019 .7054 .7688 .7123 .7157 .7190 .7224 

.6 .7257 .7291 .7324 .73.57 .7389 .7422 .7454 .7486 .7S17 .7549 

.7 .7580 .7611 .7642 .7673 .7704 .7734 .7764 .7794 .7823 .7152 

.8 .7881 .7910 .7939 .7967 .7995 .8023 .80S1 .8078 .8106 .8133 

.9 .81.59 .8186 .8212 .8238 .8264 .8289 .8315 .8340 .8365 .8389 

1.0 .8413 .8438 .8461 .8485 .8508 .853.) .8554 .8577 .8S99 .8621. 
1.1 .8643 ..8665 .8686 .8706 .tf729 .8749 .8770 .8790 JUliO .8.830 
1.2 .8849 .U69 .8.888 .8907 .8925 .8944 .8962 .8980 .-8997 .9013 
1.3 .9032 .9049 .9066 .9082 .9099 .911S .9131 .9147 .~I62 .9177 
1.4 .9192 .fIJ':B)7 .9222 .9236 .9251 .9265 .9279 .9292 .9306 .9319 

1.5 .9332 .9345 .9357 .9370 .~82 .9394 ;9406 .941. .9429 .944) 
1.6 
1.7 

.9452 

.9554 
.94:63 
.9.564 

•9474 
.9573 

.9484 

.9582 
.9495 . 
.9591 

.950S 

.9599 
.")5 
.9608 

.9525 

.9616 
.9535 
.9625 

.954$ 

.9633 
1.& 
1~9 

.9641 

.9713 
.9649 
.9719 

.9656 

.9726 
.9664 
.9732 

.9671 

.9738 
.9678 
.9744 

.9686 

.9750 
.9693
.97" 

.9699 

.9761 
.9706 
.9767 

2..0 .9772 .977. .9183 .9788 .9793 .9798 .'9103 .9808 .98U .9817 
2..1 .9821 .9826 .9830 .9834 .9838 .9842 .9846 .9850 .9854 .9857 
2..2 .9861 .'9864 .9868 .9871 .987S .9878 .988J .9884 .98.87 .9890 
2..3 .9893 .9896 .9898 .99OJ .9904 .9906 .9909 .99JJ .9913 .9916 
2..4 .9918 .9920 .1>922 .992S .9927 .9929 .993J .9932 .9934 .9936 

2..S .9938 .9940 .994' .9943 .9945 .9946 .9948 .9949 .9951 .9952 
2..6 .9953 .9955 .9956 .9957 .9959 .9%0 .9961 .9962 .~3 .9964 
2..7 .9965 .9966 .9967 .9968 .9969 .9970 .9971 .9972 .9973 .9974 
2..8 .9974 .9975 .9976 .99n .wn .9978 .9979 .9979 .9980 .9981 
2..9 .9981 .9982 .9982 .9983 .9984 .9984 .9985 .9985 .9986 .9986 

3.0 .9987 .9987 .998' .9988 .9988 .9989 .9989 .9989 .9990 .9990 
3..1 .9990 .999) ,-",I .9991 .9992 ,9992 .9992 .9992 .9993 .9993 
1.2 
3.1 
3.4 

.9993 

.999$ 

.9997 

.9993 

.9995 

.9997 

.9994 

.999' 

.9997 

.9994 

.9996 

.9997 

.9994 

.9996 

.9997 

.9994 

.9996 

.9997 

.t9M 

.9M16 

.9997 

.9995 

.9996 

.9997 

.9995 

.9996 

.9997 

.9995 

.9997 

.9998 



Chi-Square Distribution 

Table C-2. Percentiles of the 1.2 Distribution 

• 


A 

I' .OOS .010 .W .COO .100 .900 .950 .975 .990 .m 

I 
2 

().(14393 0.0'157 0.0l9r2 o.o~3 0.01S' 
0.0100 0.0201 O.Oj06 O.Ic)) 0.211 

2.1. 
4.61 

3.84 
5.99 

5.02 
7.38 

6.63 
9.21 

7."
10.60 

.3 0.072 0.115 0.216 o.m o.m 6.2S 1.11 9.35 Jt.34 12.14 
4, 0.207 0.297 0.484 0.71l UNit 7.78 9.49 11.14 11.28 14.86 
~. 

.5 0.412 0 • .554 0.831 1.145 t..61 9.24 11.07 12.83 U.W 16.75 
6 0,6,76 0.872 1.2A UI4 UQ 10.64 tl.Si) t4AS 16.&1 l&o5S 
7 0.989 1.24 J.69 2.17 2.83 12.02 14.07 16.01 18.48 2028 
B 1.34 US 2.IB l.71 3.49 13~ IS.51 J1S3 20.09 21.96 
9 1.73 2.09 2.70 3.33 4.17 14.68 16.92 19.02 21.67 23.59 

10 lJ6 2.56 3.25 '-'4 4." 1.5.99 18.3J 20.48 23.21 25.19 
11 
12 

2.60 
l.O7 

1.05 
3.57 

3.12 
4.410 

4.57 
5.23 

S.S8 
6.30 

11.28 
18.5S 

19.68 
21.03 

21.92 
23.34 

2A.7l 
26.2.2 

26.76 
28.30 

13 3.57 4.H 5.01 ,'-19 1.04 19.81 22.36 24.74 27.69 29.82 
14 4.07 4." 5.6J 6.S7 7.79 21.06 23.68 26.12 29.14 31.32 

IS 4.60 5.23 6.26 7.26 BSS 22.31 2.5.00 '27.49 3O.S8 32.80 
16 5.14 S.81 6;91 7.96 9.3. Zl.S4 26.30 28.85 32..ClO 34.27 
11 5.70 6,.41 7.S6 1.67 10.09 24.77 27.~ 30.19 33.41 35.71 
18 6.26 7.01 B.23 9.39 10.85 25.99 28.87 31 •.53 34.81 37.16 
19 6.84 1.63 UI 10.12 IUS 27.20 30.14 32.85 36.19 38.58 

20 7.43 8.26 9.S' 10.15 12.44 2UI 31.41 34.17 n.S'7 <40.00 
21 8.OJ UO 10.28 II." 1l.l4 29,62 32.67 35.41 JU3 41.40 
n 1.64 9.54 10.91 12.34 14.04 ]0.81 33,92 36.78 40:29 42.10 
21 9.26 10.20 11.69 13.09 J4.85 32.m 35.17 38.08 41.ti4 44.18 
24 9.89 10.86 12.44) JUS 15.66 33.20 36.42 39..36 42..!)B 4~.S6 

2S 10S2 11.52 13.]2 14.61 16A7 34.38 37.65 40.65 44.31 46.93 
26 
n 
28 
29 

11.16 
n'&l 
12..46 
113.12 

12.20 
12.• 
13.$6 
14.26 

13.84 
'4S1 
r5.31 
16.0S 

15.38 
16.1S 
.0,93 
17.7. 

17.29 
lUi 
18."
",77 

3S.S616.'. 
37.92 
39.09 

38.89 
40..\1 
4,.34 
4l.S6 

41.92 
43.19 
44.46 
45.71 

45.64 
4.96 
41.2.8 
49.59 

48.29 
49."
50.99 
Sl.34 

30 
40 
so 

13.79 
ZO.71 
21.99 

14,95 
22.16 
29.71 

J6,79 
24.43 
32.36 

lUg 
26.S1 
34.Nl 

20.60 
29.05 
n.69 

<40.2& 
.51:81 
61.17 

43.77 
5S.76
67..so 

46.98 
59.34 
71A2 

.50.89 
63.69 
76.15 

53.67 
".77 
79,49 

fiO 3S.5l 37.48 40.41 43.19 46.46 74.40 79.08 81.30 8UB PJ.9S 

10 
80 

~3.2B 
51.17 

4j.44 
S3.54 

43.76 
57.15 

51.14
.39 

S.Ul 
64.28 '5."96.58 

510.53 
101.9 

95.02 
106.6 

JOO.4 
1)2.3 

J04.2 
116.3 

90 59..lO 61.7S 65.65 69.13 73.29 107.6 113.' UI.1 124.1 128.3 
100 67.33 10.06 74.22 77.93 82.36 JUts 114.3 129.6 135.1 140.2 



Student's Distribution (t Distribution) 

Table C-4 Percentiles of the t Distribution 

Entry is t (A; v) where P {t (p) :s t (A; v)j = A 

• 


I(A; If) 

A 

... .60 .70 .80 .85 .'90 .95 .975 

1 
2 
3 
4 
5 

0.325 
0.289 
O:Z77 
0.271 
0.267 

0.727 
0.617 
0 . .584 
0.569 
0.559 

1.376 
1.061 
0.978 
0.941 
0.920 

1.963 
1.386 
1.2S0 
1.190 
1.156 

3.078 
1.886 
1.638 
1.533 
1.476 

6.314 
2.920 
2.353 
2.13'2 
2.015 

12.706 
4.303 
.3.112 
2.116 
2.571 

6 
7 
8 
9 

10 

0.26S 
0.263 
0.262 
0.261 
0.260 

0.553 
0.549 
0.5046 
0.543 
0.542 

0.906 
0.896 
0.889 
0.883 
0.879 

1.134 
1.)19 
1.108 
1.100 
1.093 

1.440 
1.415 
1.397 
\.3D 
1.372 

1.943 
1.895 
1.860 
1.1133 
1.812 

2.447 
2.365 
2.306 
2.262 
2.221 

11 
12 
13

'4 
15 

0.260 
0.259 
o.~ 
0.258 
0..258 

0.540 
00539 
0.537 
0.537 
0.536 

0.&76 
0.873 
0.870 
0.868 
0.866 

1.088 
1.083 
1.079 
1.076 
1.074 

1.363 
1.356 
1.350 
1.345 
1.:Ml 

1.196 
1.782 
1.771 
1.761 
1.753 

2.201 
2.179 
2.160 
2.145 
2.131 

16. 
17 
18 
19 
20 

0.25& 
0.2.57 
0.2.57 
0.257 
0.257 

0.535 
0.534 
0.534 
0.533 
0.533 

0.865 
0~a63 
OM2 
0.861 
0.&60 

1.071 
1.069 
1.067 
1.066 
1.064 

1.337 
1.333 
1.330 
1.328 
1.325 

1.746 
1.740 
1.734 
1.729 
J.72S 

2.120 
2.110 
2.101 
2.093 
2.086 

21 
22 
23 
24
2S 

0.257 
0.256 
0.256 
0.256 
0.256 

0.532 
0.532 
0.532 
0.531 
0.531 

0.859 
0.858 
0.BS8 
0.857 
0.856 

1.063 
1.061 
1.060 
1.059 
I.OS8 

1.323 
1.321 
1.319 
1.318 
1.316 

1.72) 
1.717 
1.714 
1.711 
1.708 

2.080 
2.074 
2.0fi9 
2.064 
2.060 

26 
27 
28 
29 
30 

0.256 
0.256 
0.256 
0.256 
0.256 

O.53J 
0.531 
00530 
0.530 
0.530 

0.856 
0.855 
O.ass 
0.854 
0.854 

1.058 
1.0S7 
1.056 
LOSS 
1.OSS 

1.315 
1.314 
1.313 
1.311 
1.310 

1.106 
1.703 
1.701 
1.699 
1.697 

2.056 
2.052 
2.048 
2.045 
2.042 

40 
liO 

120 
00 

0.255 
0.254 
0.254 
0.253 

0.529 
0.S27 
0.526 
0.524· 

0.851 
0.8411 
0.145 
0.142 

1.050 
1.045 
1.04. 
1.036 

1.303 
1.296 
1.289 
1.282 

1.684 
1.671 
1.658 
1.645 

2.021 
2.000 
1.980 
1.960 



Table C-4 (Continued) Percentiles of the t Distribution 

If 

A 

.98 .985 .99 .ms .995 .997S .9995 

1 15.895 21.2m 31.82.1 42.434 63.651 127.322 636.590 
2 4.849 5.643 6.965 3.073 9.925 14.089 31.598 
3 3.482 3.896 4.541 5.047 S.S41 7.453 12.924 
... 2.999 3.298 '3.741 4._ 4.604 S.• 8.610 
5 2.7S7 . 3.003 3.365 3.634 4.032 4.m 6.869 

6 2.612 2.829 3.143 3.312 3.707 ....317 S.9S9 
7 2.S17 2.115 2.998 3.203 3.499 ....029 5.408 
8 2.449 2.634 2.896 3.085 3.355 3.&33 5.041 
9 2.398 2.574 2..821 2.99& 3.2.50 3.690 4.781 

10 2:359 2.527 2.764 2.932 3.169 3.581 4.587 

JJ 2.328 2.491 2.7J8 2.879 3.106 3.497 4.431 
12 2.303 2.46. 2.681 2.836 3.055 3.428 4.313 
13 2.212 2.436 2.6S0 2.m1 3.012 3.372 4.22\ 
14 2.264 2.415 2.624 2.711 2.m 3.326 4.140 
IS 2.249 2.397 2.602 2.746 2.947 3.286 4.073 

J6 2.235 2.382 2.SS3 2.724 2.921 3.252 4.01S 
17 1.224 2.368 2.567 2.706 2.898 3.222 3.965 
18 2.214 2.356 2.552 2.689 2.878 3.197 3.922 
19 2.205 2.346 2.539 2.674 2.161 3.114 3.883 
20 2.197 2.336 2.528 2.661 2.845 3.tS3 3.849 

21 2.189 2.32.8 UJ8 2.649 2.01 l.llS 3.819 
22 2.183 2.320 2.s08 2.639 2.819 3.1l~ 3.192 
23 2.177 2.31l 2.500 2.6~ 2.801 3.104 3.768 
2. 2.172 2.301 2.492 2..620 1.791 3.QI)I 3.745 
2S 2.J67 2.301 2.485 2.6J2 1..717 3.018 3.725 

:u; 2.162 1...296 2.479 2.605 2.719 3.067 3.700 
27 2..158 2.291 2.473 2.598 2.77' 3.0$7 3.690 
28 2..1S4 1.286 2.467 2.592 1..16'3 3.041 3.'74 
29 2.1.50 2.281 2.462 2.586 2.156 3.038 3.659 
30 2.147 2.273 2.457 2.581 2.7.50 3.030 3.646 

40 2.123 2.250 2.423 2.542 2.104 2.971 3.551 
fie 2.099 2.223 2.390 2.S04 2.660 2.9lS 3.460 

120 2.076 2.196 2.3S1 2.468 2.617 2.860 3.373 
GO 2.0:54 2.J70 2.326 2.•32 2.57" 2.807 3.291 


