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Question 1 

Let X = (XI. ...• Xn) be a random sample from a beta distribution with shape parameters a and 
~. 
The p.d.f.of Xi is 

(a+p+l) a ( )Pf (Xi Ia, P) -- alpl . Xi' 1 - Xi , O<xi<l. a;{3> -1, 

(a) Determine the likelihood function. 
(5 Marks) 

(b) Show that COf=lXt, Of=l(l- Xi)) is a minimal sufficient statistic. 
(15 Marks) 

Question 2 

a) 	 Suppose that Xl> X2•..., Xn constitute a random sample from a distribution with 
probability density fix la) • where a is a real parameter with prior density n(a) . The 
loss when ais estimated by {j (a function of Xl, X2, ... , Xn) is f({j;a ) . 

i. 	 Defme the Bayes risk of {j and the Bayes estimator of a. 
(4 Marks) 

ii. 	 Show that the Bayes estimator can be found by minimising the posterior 
expected loss for given (Xl, X2, ... , xn). 

(6 Marks) 
b) Let Xl, ... , Xn- N(a,I). Let 1l" be a N(O, 1) prior: 

·· ) 1 _(;2/2
11 (e == C • 

~ 

i. Find the posterior distribution for a. 

(4 Marks) 
it Find the posterior mean (j. 

(6 Marks) 

Question 3 

Suppose that X is a discrete random variable with P(X = 1) = aand P(X = 2) = 1 - 9. Three 
independent observations of X are made: Xl = 1. X2 =2, X3 =2. 

(a) Find the method of moments estimate of a. 
(5 Marks) 

(b) What is the maximum likelihood estimate of 9? 
(7 Marks) 

(c) Compare the MLE and MME estimators by determining approximate standard errors 
of each of the estimates. 

(SMarks) 
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Question 4 

Suppose Yt, Y2, .... ,Yn is an iid sample of size n from a population with density function 

Where 81 > 0 and -00 < 82 < 00. Find the likelihood ratio test for testing Ho : 81 = 81,0 
versus HI : 81 > 81,0' 

(20 Marks) 

Question 5 

Suppose Y is a random sample of size 1 from a population with a density function 

Where 8> O. 

(a) Derive the power functionpower(8), for the rejection region Y > 0.5. 
(8 Marks) 

(b) Find the uniformly most powerful test of size a. for testing Ho : Ho : 8 > 1. 
(12 Marks) 
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STATISTICAL TABLES 

T ...... A.1 

Cumulallve Standardized Normal DletrlbullDn 

-4 -3 

A(z) is the integral oftho standardized normal 
distribution from - DO to z (in other words, the 
area under the curve to the left ofz). It gives the 
probability of a normal random variable not 
being more than z standard deviations above its 
mean. Values oc. ofparticular importance: 
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1.64~ 
All! 
O.9~ Len..., limit of riabt ,,~tail 

1.960 
2.326 
1.'76 
3.090 

0.9750 
0.9900 
0.99'0 
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0.00 0.01 0.02 0.03 0.04 0.0' 0.06 0.07 0.08 0.09 

0.0 O.~ O.~ 0-'0lI0 0.'120 0.'160 0..H99 0.'239 0-'279 0.'1l9 0.'3'9 
0.1 0.'398 0.,.31 0.'471 0."17 0."" 0."96 0.'636 0.~75 0."14 0."'3 
0.2 0."93 0.'832 0."71 0.'910 0.'941 0.'987 0.6026 0.6064 0;6103 0.6141 
0.3 0.6179 0.6217 0.62.5' 0.6293 0.6331 0.6.161 0.6406 0.6443 0.6410 0.6'17 
0.4 0.6'" 0.~91 0.6621 0.6664 0.6700 0.6736 0.6771 0.6108 0.6144 0.6179 
0.' 0.691' 0.69~ 0.69" 0.7019 0.70'4 0.7081 0.7113 0.71" 0.7190 0.7214 
0.6 0.71" 0.7191 0.7314 0.73" 0.7319 0.7422 0.74'4 0.7416 0.7517 0.7,.9 
0.7 0.7510 0.7611 0.7641 0.7673 0.7704 0.7734 0.7764 0.17M 0.7123 0.71'1 
0.1 0.7111 0.7910 0.7939 0.7967 O.79U 0.1023 0.~1 0.1071 0.1106 0.1133 
0.9 0.1.,9 0.1186 0.1211 0.1231 0.1264 0.1119 0.83" 0.1340 O.83U 0.8319 
1.0 0.8413 0.8431 0.8461 0.84" O.I~ 0.8'31 0."" 0 . .,77 0."99 0.8621 
1.1 0.1643 O.86U 0.1686 0.1701 0.1719 0.1749 0.1770 0.1790 0.1810 0.1Il0 
1.1 0.1149 0.1869 0.1111 0.1907 0.191' 0.1944 0.1961 0.1980 0.1997 0.90" 
I.J 0.9032 0.9049 0.9066 0.9012 0.9099 0.91" 0.91l1 0.9147 0.9162 0.9177 
1.4 0.9191 0.9107 0.9221 0.9136 0.91" 0.926' 0.9279 0.9291 0.9306 0.9319 
I., 0.9331 0.934' 0.93" 0.9370 0.9312 0.9394 0.9406 0.9411 0.9419 0.9441 
1.6 0.94'1 0.9463 0.9474 0.9414 0.949' 0.9~' O.UI' 0.9'2' 0.9'3' 0.9,., 
1.7 0.9',. 0.9'64 0.9'73 0.9"2 0.9'91 0.9'99 0.9601 0.9616 0.962' 0.9633 
1.1 0.9641 0.9649 0.96~ 0.9664 0.9671 0.9671 0.9616 0.9693 0.9699 0.9706 
1.9 0.9713 0.9719 0.9726 0.9732 0.9731 0.9744 0.97~ 0.97~ 0.9761 0.9767 
1.0 0.9771 0.9771 0.9783 0.9711 0.9793 0.9791 0.9103 0.9108 0.9812 0.9117 
2.1 0.9811 0.9126 0.9830 0.9834 0.9831 0.9841 0.9846 0.9UO 0.98'4 0.98" 
2.1 0.9861 0.9164 0.9868 0.9871 0.9875 0.9871 0.9111 0.9114 0.9817 0.9890 
1.3 0.9893 0.9196 0.9198 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916 
1.4 0.9911 0.9910 0.9911 0.991' 0.9917 0.9919 0.9931 0.9932 0.9934 0.9936 
U 0.9931 0.9940 0.9941 0.9943 0.994' 0.9946 0.9941 0.9949 0.99'1 0.99'2 
2.6 0.99'3 0.99" 0.99~ 0.99" 0.99'9 0.9960 0.9961 0.9962 0.9963 0.9964 
2.7 O.99U 0.9966 0.9967 0.9961 0.9969 0.9970 0.9971 0.9971 0.9973 0.9974 
1.1 0.9974 0.997' 0.9976 0.9977 0.9977 0.9971 0.9979 0.9979 0.9910 0.9981 
2.9 0.9911 0.9911 0.9912 0.9983 0.9984 0.9984 0.998' 0.998' 0.9986 0.9916 
3.0 0.9987 0.9987 0.9987 0.9988 0.9981 0.9919 0.9989 0.9989 0.9990 0.9990 
3.1 0.9990 0.9991 0'.9991 0.9991 D.9m 0.9992 D.9m 0.9991 0.9993 0.9993 
3.1 0.9993 0.9993 0.9994 0.9994 0.9994 0.9994 0.9994 0.999' O.99U 0.999' 
3.3 0.999' 0.999' 0.999' 0.9996 0.9996 0.9996 0.9996 0.9996 0.9996 0.9997 
3.4 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9991 
U 0.9998 0._ 0.9991 0.9991 0.9991 0.9991 0.9991 0.9998 0.9991 0.9991 
3.6 0._ 0.9991 0.9999 

o C, Dougherty 2001, 2002 (o.dougt.~,-,uk). Th_ .... tIIYII beln compand lei ICDOIIIPlny!he teId: C. Duugherty' lnttDductlon fo
_(__ZID2.""""'U_P.... """'"l.",......, .. .....-...~_ ...... _ ......Inod. 
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1.64, 1.960 2.326 2.'76 3.Q90 3.291 
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STATISTICAL TABLES 4 	 STATISTICAL TABLES • 
TAIILI! A.3(oontinulCl) 


TMLII A.3(oontinulCl) 

F Dlft1bUlton: CrIII..1Valuel of F ('% Ilgnln.lnOi ....Q 


F DlotrIbuIIon: CrIII..1Vlluel of F (1% Ilgnlllol_ ....I' 

:IS 30 35 4G 58 60 75 100 158 200 
.," 	 10 12 14 16 11 20 ., " 1 

1 249.26 2'0.10 250,69 2'1.14 251.77 2'2.20 2'2.622'3.04 2'3.46 2'3.68 
2 19.46 19.46 19.47 19.47 19.48 19.48 19.48 19.49 19.49 19.49 	 1 40511' ..",,5O '''OU5 ntil.65 'UL99 59aI.3ei '"1.07 602147 dOJ5,a 61116.31 6142A1 6170.10 61'U' QOI.7J504.,. 
3 8.63 8.62 8.60 8.'9 8.'8 8.57 8.56 8." 8.'4 1..!4 2 98.'0 99.00 99.17 99.2' 99.30 99.33 99.36 99.37 99.39 99.40 99.42 99.43 99.44 99.44 99.4' 
4 '.77 '.75 '.73 '.72 '.70 '.69 '.68 '.66 '.6' '.U 3 34.12 30.82 29.46 28.71 28.24 27.91 27.67 27.49 27.3' 27.23 27.0' 26.92 26.13 26.75 26.69 
5 4.'2 4.50 4.48 4.46 4.44 4.43 4.42 4.41 4.39 4.39 	 4 21.20 18.00 16.69 lUI ".'2 15.21 14.98 14.10 14.66 14." 14.37 14.2' 14.1' 14.08 14.02 

5 16.26 13.27 12.06 11.39 10.97 10.67 10.46 10.29 10.16 10.0' 9.89 9.77 9.68 9.61 9."
6 3.83 3.81 3.79 3.77 3.75 3.74 3.73 3.71 3.70 3.69 
7 3.40 3.38 3.36 3.34 3.32 3.30 3.29 3.27 3.26 3.2' 	 6 13.75 1M2 9.71 9.15 8.75 8.47 8.26 8.10 7.98 7.87 7.72 7.60 7.52 7.4' 7.40 

,8 3.11 3Jl8 3.06 3.04 3.02 3.01 2.99 :1.97 2.96 2.9' 7 12.2' 9." 8.45 7.85 7.46 7.19 6.99 6.84 6.72 6.62 6.47 6.36 6.28 6.21 6.16 
2.89 2.16 2.84 2.13 2.10 2.79 2.77 2.76 2.74 2.73 8 11.26 8.6' 7.59 7.01 6.63 6.37 6.18 6.03 '.91 '.81 '.67 '.56 '.48 HI '.36 

10 2.73 2.70 2.68 2.66 2.64 2.62 2.60 2.59 2.57 2.'6 9 10.'6 8.02 6.99 6.42 6.06 '.10 '.61 '.47 '.3' '.26 '.11 '.01 4.92 4.16 4.11 
10 10.04 	 7..!6 6." '.99 '.64 '.39 '.20 '.06 4.94 4.1' 4.71 4.60 4.'2 4.46 4.41 

11 2.60 	 2..!7 2." 2.'3 2.51 2.49 2.47 2.46 2.44 2.43 
12 2.50 	 2.47 2.44 2.43 2.40 2.31 2.37 2.3' 2.33 2.32 11 9.6' 7.21 6.ll '.67 '.32 '.07 4.19 4.74 4.63 4.54 4.40 4.29 4.21 4." 4.10 
13 2.41 	 2.38 2.36 2.34 2.31 2.30 2.28 :1.26 2.24 2.l3 12 9.33 6.93 '.95 HI '.06 4.12 4.64 4.50 4.39 4.30 4.16 4.05 3.97 3.91 3.16 
14 	 2.34 2.31 2.28 2.27 2.24 2.22 2.21 2.19 2.17 2.16 13 9.07 6.70 '.74 '.21 4.16 4.62 4.44 4.30 4.19 4.10 3.96 3.16 3.71 3.72 3.66 

2.2'15 2.28 2.22 2.20 2.18 2.16 2.14 2.12 2.10 2.10 	 14 8.16 6.51 '.56 '.04 4.69 4.46 4.28 4.14 4.03 3.94 3.10 3.70 3.62 3.56 3.51 
15 8.68 	 6.36 '.42 4.89 4.'6 4.32 4.14 4.00 3.89 3.10 3.67 3.56 3.49 3.42 3.37 

\6 2.23 	 2.19 2.17 2." 2.12 2.11 2.09 2.07 2.05 2.04 
17 2.18 	 2.1, 2.12 2.10 2.08 2.06 2.04 2.02 2.00 1.99 16 8.'3 6.23 '.29 4.77 4.44 4.20 4.03 3.89 3.78 3.69 3." 3.4' 3.37 3.3\ 3.26 
11 2.14 	 2.11 2.08 2.06 2.04 2.02 2.00 1.98 1.96 1.9, 17 8.40 6.11 '.18 4.67 4.34 4.10 3.93 3.79 3.68 3.59 3.46 3.35 3.27 3.21 3.16 
19 2.11 	 2.07 2.05 2.03 2.00 1.98 1.96 1.94 1.92 1.91 11 8.29 6.01 '.09 4.'8 4.2' 4.01 3.84 3.71 3.60 3..!1 3.37 3.27 3.19 3.13 3.08 
30 2.07 	 2Jl4 2.01 1.99 1.97 1.9' 1.93 1.91 1.89 1.88 19 8.18 '.93 '.01 4.50 4.17 3.94 3.77 3.63 3.'2 3.43 3.30 3.19 3.12 3.05 3.00 

30 8.10 	 '.8' 4.94 4.43 4.10 3.87 3.70 3.56 3.46 3.37 3.23 3.13 3.05 2.99 194 
21 2.05 	 2.01 1.98 1.96 1.94 1.92 1.90 1.11 1.16 1.84 
22 2.02 	 1.98 1.96 1.94 1.91 1.89 1.17 1.85 1.83 1.82 II 8.02 '.78 4.17 4.37 4.04 3.81 3.64 3.'1 3.40 3.31 3.17 3.07 2.99 2.93 2.11 
13 2.00 	 1.96 1.93 1.91 1.88 1.16 1.84 1.82 1.10 1.79 22 7.95 '.72 4.82 4.31 3.99 3.76 3.59 3.4' 3.3' 3.26 3.12 3.02 2.94 2.11 2.13 
24 1.97 	 1.94 1.91 1.89 1.16 1.84 1.82 1.10 1.78 1.77 13 7.88 '.66 4.76 4.26 3.94 3.71 3.54 3.41 3.30 3.21 3.07 2.97 2.89 2.13 2.71 
25 	 1.96 1.92 1.89 1.87 1.84 1.82 1.10 1.78 1.76 1.75 24 7.82 '.61 4.72 4.22 3.90 3.67 3.50 3.36 3.26 3.17 3.03 2.93 2.1, 2.79 2.74 

:IS 7.77 '.57 4.68 4.18 3.U 3.63 3.46 3.32 3.ll 3.13 2.99 2.89 2.81 2.75 2.70 
26 1.94 	 1.90 1.17 1.8' 1.82 1.10 1.71 1.76 1.74 1.73 

26 7.72 4.64 4.14 3.82 3.'9 3.42 3.29 3.18 3.09 2.96 2.16 2.78 2.72 2.66 
:II 1.91 1.87 1.84 1.82 1.79 1.77 1.75 1.73 1.70 1.69 
27 1.92 	 1.88 1.16 1.84 1.81 1.79 1.76 1.74 1.72 1.71 '.'3 

27 7.68 	 '.49 4.60 4.11 3.78 3.'6 3.39 3.26 3." 3.06 2.93 2.82 2.75 2.68 2.63 
29 1.89 1.13 1.81 1.77 1.75 1.73 1.71 1.69 1.67 	 :II 7.64 '.4' 4.57 4.07 3.75 3.'3 3.36 3.23 3.12 3.03 2.90 2.79 2.n 2.6' 2.601.8' 

29 7.60 '.42 4.'4 4.04 3.73 3.50 3.33 3.20 3.09 3.00 2.87 2.77 2.69 2.63 2.57 
30 7..!6 '.39 4.51 4.02 3.70 3.47 3.30 3.17 3.07 2.98 2.84 2.74 2.66 160 1" 

30 1.88 	 1.84 1.81 1.79 1.76 1.74 1.72 1.70 1.67 1.66 

35 1.82 	 1.79 1.76 1.74 1.70 1.68 1.66 1.63 1.61 1.60 
35 7.42 4.40 3.91 3..!9 3.37 3.20 3.07 2.96 2.88 2.74 2.64 2.56 2.50 14440 1.78 	 1.74 1.72 1.69 1.66 1.64 1.61 1.59 1.'6 '.27I." 4G 7.31 4.31 3.13 3.51 3.29 3.12 2.99 2.89 2.80 2.66 2.48 2.42 13758 1.73 	 1.69 1.66 1.63 1.60 1.'8 U, 1.'2 1.50 1.48 '.18 2.'6 
58 7.17 4.20 3.72 3.41 3.19 3.02 2.89 2.71 2.70 2.56 2.46 2.38 2.32 2.2760 1.69 	 1.6' 1.62 U9 U6 1.'3 U1 1.48 1.4' 1.44 '.06 
60 7.08 	 4.98 4.13 3.34 3.12 2.95 2.82 2.72 2.63 2.50 2.39 2.31 2.2070 1.66 	 1.62 1.59 U7 1.53 1.50 1.48 1.4' 1.42 1.40 3.6' 2.2' 
70 7.01 	 4.92 4.07 3.60 3.29 3.07 2.91 2.78 2.67 2.59 2.4' 2.3' 2.27 2.20 2." 

10 1.64 	 1.60 1.57 1.54 1.51 1.48 1.4, 1.43 1.39 1.38 
10 6.96 4.88 4.04 3.56 3.26 3.04 2.17 2.74 2.64 2..!' 2.42 2.31 2.23 2.17 112 


100 1.62 \.57 1.54 \.52 1.48 1.4' 1.42 1.39 1.34 

90 1.63 	 1.59 U, 1.53 1.49 1.46 1.44 1.41 1.38 1.36 

1.36 90 6.93 4.8' 4.01 3.'3 3.23' 3.01 2.84 2.72 	 2.61 2.'2 2.39 2.29 2.21 2.14 109 
120 1.60 \.5, 1.52 1.50 1.46 1.43 1.40 1.37 1.33 1.32 100 6.90 4.82 3.98 3.51 3.21 2.99 2.82 2.69 2.59 2..!O 2.37 2.27 2.19 2.12 107 

158 1.58 1.54 1.50 1.48 1.44 1.41 1.38 1.29
1.34 1.31 120 6.8' 4.79 3.9' 3.48 3.17 2.96 2.79 	 2.66 2.56 2.47 2.34 2.23 2." 2.09 2.03 

158 6.81 4.75 3.91 3.4' 3.14 2.92 2.76 2.63 2.'3 2.44 2.31 2.20 2.12 2.06 100 

210 1.'6 1.52 1.48 1.46 1.41 1.39 1.3' 1.32 1.28 1.26 

158 I." 1.50 1.47 1.44 1.40 1.37 1.34 1.31 1.27 1.2' 
 lOG 6.76 4.71 3.11 3.41 3.11 2.89 2.73 2.60 2.50 2.41 2.27 2.17 2.09 2.03 1.97 

300 1.54 1.50 1.46 1.43 1.39 1.36 1.33 1.30 1.26 1.23 2."
158 6.74 4.69 3.16 3.40 3.09 2.87 2.71 2.'8 2.48 2.39 2.26 2.07 2.01 1.95 

400 U3 1.49 1.4' 1.42 1.38 1.35 1.32 1.28 1.24 1.22 
 300 6.72 4.68 3.8' 3.38 3.01 2.16 2.70 2.57 2.47 2.38 2.24 2.14 2.06 1.99 1.94 

580 1.'3 1.48 1.4' 1.42 1.38 1.3' 1.31 1.28 1.23 1.21 2.'6 2.4'
400 6.70 4.66 3.13 3.37 3.06 2.U 2.68 2.37 2.23 2.13 2.05 1.98 1.92 

500 6.69 4.6' 3.82 3.36 3.05 2.84 2.68 2." 2.44 2.36 2.ll 2.12 2.04 1.97 \.92 
600 1.52 1.48 1.44 1.41 1.37 1.34 1.31 1.27 1.23 1.20 
758 U2 1.47 1.44 1.41 1.37 1.34 1.30 1.26 1.22 1.20 	 3.3' 2.'4600 6.68 4.64 3.81 3.05 2.83 2.67 2.44 2.35 2.21 2.11 2.03 1.96 1.91 

1000 U2 1.47 1.43 1.41 1.36 1.33 1.30 1.26 1.22 1.19 2.'3758 6.67 4.63 3.81 3.34 3.04 2.83 2.66 2.43 2.34 2.21 2.11 2.02 1.96 1.90 
1000 6.66 4.63 3.80 3.34 3.04 2.82 2.66 2.'3 2.43 2.34 120 2.10 2.02 1.95 1.90 

http:61116.31
http:2'2.622'3.04
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STATISTICAL TABLES 8 STATISTICAL TABLES 

TMU A.3 (oontlnuedl 
T...... A.3 (oontlnuedl 

F Dl8lrlbUllon: CrIIl.11 VII ... 01 F (1" .",nIllOln.. IeveQ 
F DllltlbUllon: CIIIIOII V..... 01 F (D.1" .lgnliolnOl level, 

" 25 30 35 40 50 60 75 100 150 200 
Yo " I 10 12 14 16 18 :10 
l.m,n 62I5O.6S 
2 99.46 99.47 

6'ZT5ST 62..,. QQ'l,52 63tJ.a3 1S32U1 IJ:M.II 6J44A1 a4",T 
99.47 99.47 99.48 99.48 99.49 99.49 99.49 99.49 " I 4.os.o5 5.G0105 5.40105 UWI5 5.7WIOJ "..,., 5.""'5 '.9110' 6.D2105 6.06105 Ut.o5 6.14105 &17IQ5 &1"" UIIOS 

3 26.58 26.50 26.4' 26.41 26.3' 26.ll 26.21 26.14 26.20 26.18 2 998.'0999.00 999.17 999.25 999.30 999.ll 999.36 999.37 999.39 999.40 999.42 999.43 999.44 999.44 999.4' 
4 13.91 13.84 13.79 1l.75 1l.69 1l.65 13.61 13.58 Il." 13.'2 3 167.03 148.50 141.11 137.10 134.58 1l2.8, 131.58 130.62 129.86 129.2' 128.32 127.64 127.14 126.74 126.42 
5 

6 

9.4' 

7.30 

9.38 

7.23 

9.33 

7.18 

9.29 

7.14 

9.24 

7.09 

9.20 

7.06 

9.17 

7.02 

9.13 

6.99 

9.09 

6.95 

9.08 

6.93 

4 74.14 61.2' '6.18 '3.44 ,..71 50.'3 49.66 49.00 48.47 48.0' 47.41 46.95 46.60 46.ll 46.10 
5 47.18 37.12 ll.20 31.09 29.75 28.83 21.16 27.65 27.24 26.92 26.42 26.06 2'.71 2'.57 2'.39 

7 
I 
9 

6.06 
'.26 
4.71 

'.99
,.20 
4.65 

'.94'.I,
4.60 

'.91 
'.12 
4.57 

'.86 
'.07 
4.'2 

'.12 
5.03 
4.48 

'.79 
'.00 
4.45 

'.75 
4.96 
4.41 

'.72 
4.93 
4.38 

'.70 
4.91 
4.36 

6 
7 
8 

3",1 
29.2' 
2'.41 

27.00 
21.69 
18.49 

23.70 
18.77 
1'.83 

21.92 
17.20 
14.39 

20.80 
16.21 
13.48 

20.03 
1'.'2 
12.86 

19.46 
1'.02 
12.40 

19.03 
14.63 
12.0' 

18.69 
14.33 
11.77 

18.41 
14.08 
11.54 

17.99 
13.71 
11.19 

17.68 
13.43 
10.94 

17.4' 
13.23 
10.7' 

17.27 
13.06 
10.60 

17.12 
12.93 
10.48 

10 4.31 4.2, 4.20 4.17 4.12 4.08 4.0' 4.01 3.98 3.96 9 22.86 16.39 13.90 12.56 11.71 11.13 10.70 10.37 10.11 9.89 9.57 9.33 9.1' 9.01 8.90 

II 4.01 3.94 3.89 3.86 3.81 3.78 3.74 3.71 3.67 3.66 
10 21.04 14.91 12." 11.28 10.48 9.93 9.'2 9.20 8.96 8.75 8.4' 8.22 8.0' 7.91 7.10 

12 3.76 3.70 3.65 3.62 3.57 3.'4 3.50 3.47 3.43 3.41 II 19.69 13.11 11.56 10.3' 9.38 9.0' 8.66 8.3' 8.12 7.92 7.63 7.41 7.24 7.11 7.01 
IJ 
14 
IS 

3.57 
3.41 
3.28 

3.'1 
3.3' 
3.21 

3.46 
3.30 
3.17 

3.43 
3.27 
3.13 

3.38 
3.22 
3.08 

3.34 
3.18 
3.0' 

3.31 
3.1' 
3.01 

3.27 
3.11 
2.91 

3.24 
3.08 
2.94 

3.22 
3.06 
2.92 

12 
13 
14 

18.64 
17.12 
17.14 

12.97 
12.31 
11.78 

10.80 
10,l1 
9.73 

9.63 
9.07 
8.62 

8.89 
8.3' 
7.92 

8.38 
7.86 
7.44 

8.00 
7.49 
7.01 

7.71 
7.21 
6.80 

7.48 
6.91 
6.58 

7.29 
6.80 
6.40 

7.00 6.79 
6.» 6.31 
6.1l '.93 

6.63 
6.16 
'.71 

6.'1 
6.03 
'.66 

6.40 
'.93 
'.56 

16 
17 
II 

3.16 
3.07 
2.98 

3.10 
3.00 
2.92 

3.0' 
2.96 
2.17 

3.02 
2.92 
2.14 

2.97 
2.87 
2.78 

2.93 
2.83 
2.75 

2.90 
2.80 
2.71 

2.86 
2.76 
2.68 

2.83 
2.73 
2.64 

2.81 
2.71 
2.62 

IS 

16 
17 

16.'9 

16.12 
15.72 

11.34 

10.97 
10.66 

9.34 

9.01 
8.73 

8.25 

7.94 
7.68 

7.57 

7.27 
7.02 

7.09 

6.80 
6.56 

6.74 

6.46 
6.22 

6.47 

6.19 
'.96 

6.26 

'.91 

"" 

6.08 

'.81 
'.58 

'.81

,."
'.32 

'.62 

'.3' 
"'3 

'.46 

'.20 
4.99 

'.3' 

'.09 
4.87 

'.2' 

4.99 
4.78 

19 2.91 2.84 2.10 2.76 2.71 2.67 2.64 2.60 2.57 2.3' 18 1'.38 10.39 8.49 7.46 6.81 6.3' 6.02 '.76 '.56 '.39 '.13 4.94 4.80 4.68 4.'9 
:10 

21 
22 

2.14 

2.79 
2.73 

2.78 

2.72 
2.67 

2.73 

2.67 
2.62 

2.69 

2.64 
2.58 

2.64 

2.58 
2.'3 

2.61 2.57 

2." 2.'1 
2.50 2.46 

2.54 

2.48 
2.42 

2.'0 

2.44 
2.38 

2.48 

2.42 
2.36 

19 
:10 

21 

1'.08 
14.82 

14.'9 

10.16 
9.9' 
9.77 

8.28 
8.10 

7.94 

7.27 
7.10 

6.95 

6.62 
6.46 

6.32 

6.18 
6.02 

5.88 

5.8, 
'.69 

'.56 

"'9 
'.44 

'.31 

'.39 
'.24 

'.11 

'.22
'.08 
409' 

4,97 
U2 

4.70 

4.78 
4.64 

4.51 

4.64 
4.49 

4.37 

4.'2 
4.38 

4.26 

4.43 
4.29 

4.17 
22 2.69 2.62 2.57 2.54 2.48 2.4' 2.41 2.37 2.34 2.ll 22 14.38 9.61 7.10 6.81 6.19 '.76 '.44 '.19 4.99 4.83 4.58 4.40 4.26 4.15 4.06 
24 
25 

26 

2.64 
2.60 

2.57 

2.38 
2.34 

2.50 

2.'3 
2.49 

2.4' 

2.49 
2.4' 

2.42 

2.44 
2.40 

2.36 

2.40 
2.36 

2.33 

2.37 
2.33 

2.29 

2.33 
2.29 

2.25 

2.29 
2.2' 
2.21 

2.27 
2.23 

2.19 

23 
24 
25 

14.20 
14.03 
13.18 

9.47 
9.34 
9.22 

7.67 

"" 7.4' 

6.70 
6.'9 
6.49 

6.08 
'.98 
'.89 

'.65 

"" '.46 

'.33 
'.23,.I, 

'.09 
4.99 
4.91 

4.89 
4.80 
4.71 

4.73 
4.64 
4.56 

4.48 
4.39 
4.31 

4.30 
4.21 
4.13 

4.16 
4.07 
3.99 

4.0' 3.96 
3.96 3.87 
3." 3.79 

27 2.'4 2.47 2.42 2.38 2.33 2.29 2.26 2.22 2.18 2.16 26 13.74 9.12 7.36 6.41 '.80 '.38 '.07 4.83 4.64 4.48 4.24 4.06 3.92 3.81 3.72 
21 2.51 2.44 2.39 2.3' 2.30 2.26 2.23 2.19 2.1' 2.13 27 13.61 9.02 7.27 6.33 '.73 '.31 '.00 4.76 4.57 4.41 4.17 3.99 3.86 3.75 3.66 
29 2.41 2.41 2.36 2.33 2.27 2.23 2.20 2.16 2.12 2.10 21 13.'0 8.93 7.19 6.25 '.66 '.24 4.93 4.69 4.50 4.35 4.11 3.93 3.80 3.69 3.60 
30 2.4' 2.39 2.34 2.30 2.2' 2.21 1.17 2.13 2.09 2.07 29 13.39 I." 7.12 6.19 '.'9 '.18 4.17 4.64 4.4' 4.29 4.0' 3." 3.74 3.63 3.54 

35 
40 
50 

2.3' 
2.27 
2.17 

2.28 
2.20 
2.10 

2.23 
2.1' 
2.0' 

2.19 
2.11 
2.01 

2.14 
2.06 
1.9, 

2.10 
2.02 
1.91 

2.06 
1.91 
1.87 

2.02 
1.94 
1.12 

1.98 
1.90 
1.78 

1.96 
1.87 
1.76 

30 

35 
40 

13.29 

12.90 
12.61 

8.77 

8.47 
8.2' 

7.0' 

6.79 
6.'9 

6.12 ,... 
'.70 

'.'3 

'.30 
'.13 

'.12 

4.89 
4.73 

4.82 

4.'9 
4.44 

4.58 

4.36 
4.21 

4.39 

4.18 
4.02 

4.24 

4.03 
3.87 

4.00 

3.79 
3.64 

3.12 

3.62 
3.47 

3.69 

3.48 
3.34 

3.58 

3.38 
3.23 

3.49 

3.29 
3.14 

60 2.10 2.03 1.91 1.94 1.88 1.84 1.79 1.75 1.70 1.61 50 12.22 7.96 6.34 '.46 4.90 4.'1 4.22 4.00 3.12 3.67 3.44 3.27 3.41 3.04 2.9' 
78 2.0' 1.98 1.93 1.89 1.83 1.78 1.74 1.70 1.6, 1.62 60 11.97 7.77 6.17 '.31 4.76 4.37 4.09 3.86 3.69 3.'4 3.32 3.1, 3.02 2.91 2.13 

10 2.01 
90 1.99 

100 1.97 
120 1.93 

1.94 
1.92 
1.89 
1.86 

1.89 
1.86 
1.14 
1.81 

I." 1.79 
1.82 1.76 
1.80 1.74 
1.76 1.70 

1.75 
1.72 
1.69 
1.66 

1.70 
1.67 
1.6, 
1.61 

1.65 
1.62 
1.60 
1.56 

1.61 
1.37 
1.5' 
1.'1 

1.58 
I." 
1.'2 
1.48 

70 11.80 

80 11.67 
90 11.57 

100 11.50 

7.64 

7.'4 
7.47 
7.41 

6.06 

'.97 
'.91 
'.86 

'.20 

'.12 
'.06 
'.02 

4.66 

4.58 
4.'3 
4.41 

4.28 

4.20 
4.15 
4.11 

3.99 

3.92 
3.87 
3.13 

3.77 

3.70 
3.65 
3.61 

3.60 

3.'3 
3.48 
3.44 

3.4' 

3.39 
3.34 
3.30 

3.23 

3.16 
3.11 
3.07 

3.06 

3.00 
2.9, 
2.91 

2.93 

2.17 
2.1l 
2.71 

2.13 

2.76 
2.71 
2.68 

2.74 

2.68 
2.63 
2.'9 

ISO 1.90 1.83 1.77 1.73 1.66 1.62 1.57 1.52 1.46 1.43 120 11.38 7.32 '.78 4.9' 4.42 4.04 3.77 3." 3.38 3.24 3.02 2.8, 2.72 2.62 2.'3 

200 1.87 1.79 1.74 1.69 1.63 1.58 1.53 1.48 1.42 1.39 
150 11.27 7.24 '.71 4." 4.3' 3.98 3.71 3.49 3.32 3.18 2.96 2.80 2.67 2.56 2.48 

2SO 1.8, 1.77 1.72 1.67 1.61 1.56 1.51 1.46 1.40 1.36 200 11.15 7.15 '.63 4.81 4.29 3.92 3.65 3.43 3.26 3.12 2.90 2.74 2.61 2.'1 2.42 
:IOU 1.14 
400 1.82 

1.76 
1.75 

1.78 
1.69 

1.66 
1.64 

1.'9 
1.58 

I." 1.50 
1.53 1.48 

1.44 
1.42 

1.38 
1.36 

1.3, 
1.32 

250 11.09 
300 11.04 

7.10 
7.07 

'.'9 
",6 

4.77 
4.75 

4.2, 
4.22 

3." 3.61 
3.86 3.'9 

3.40 
3.38 

3.23 
3.21 

3.09 
3.07 

2.17 
2.8' 

2.71 
2.69 

2.58 
2.56 

2.48 
2.46 

2.39 
2.37 

SOU 1.81 1.74 1.68 1.63 1.57 1.52 1.47 1.41 1.34 1.31 400 10.99 7.03 '.'3 4.71 4.19 3.83 3.56 3.3' 3.18 3.04 2.1l 2.66 2.'3 2.43 2.34 

600 1.80 1.73 1.67 1.63 1.56 1.51 1.46 1.40 1.34 1.30 
500 10.96 7.00 ",1 4,69 4.18 3.81 3.54 3.33 3.16 3.02 2.81 2.64 2.52 2.41 2.ll 

750 1.80 1.72 1.66 1.62 1.5, 1.'0 1.4' 1.39 I.U 1.29 600 10.94 6.99 '.49 4.68 4.16 3.80 3.'3 3.32 3.1, 3.01 2.80 2.63 2.51 2.40 2.ll 
1000 1.79 1.72 1.66 1.61 1.54 1.50 1.44 1.38 1.32 1.28 750 10,91 6.97 '.48 4.67 4.1' 3.79 3.'2 3.31 3.14 3.00 2.78 2.62 2.49 2.39 2.31 

1000 10.89 6.96 '.46 4.65 4.14 3.78 3.'1 3.30 3.13 2.99 2.77 2.61 2.48 2.38 2.30 
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T-..AA 
I' _bulla., CrIII..1 V.I ... 011' ,0.1" ,Igftllloan.. IoWQ 

~ (0111-8.........' 01l1li_, enll••1V._ 01 ~ 
30 :15 oiO SO 7lI 100 IlIO lOll" 25.. " 	 Slplfl<-_I

1 6.J4tGJ 6.HtIIG$ ua.m u;.o! 6.aoJ 6.31103i 6.3lIm ~ 6.3'-05 ,$,,-" 


l 999.46 m.47 999.41 999.47 999.41 999.4. 999.49 "'#.49 999.49 999.49 
 Dqroo.ro/ ,% 1% 0.1%
3 12'-14 115.45 12-'.11 124,96 124,66 124.47 124.27 124.07 IlU7 123.77 jfwdOlft
4 45.10 45.43 4'.23 45.09 44.18 44.75 44.61 44.47 44,33 44.26 

1 	 3.841 6.63' 10.8Z8 

'.991 9.210 13.816 
5 25.08 24.87 24.72 lUO 24.44 24.33 24.22 24.12 24.01 23.95 

6 16.85 16.67 16.54 16.44 lUI 16.21 16.12 16.03 15.93 15.89 
7 12.69 12.53 12.41 12.33 12.lO 12.l2 12.04 11.93 11.87 11.12 	 7.815 11.34' 16.266 
• 10.26 10.11 10.011 9.92 9.10 9.73 9." 9.51 9.49 ".,, 	 9.418 13.277 18.467..

8.69 8"5 8.46 8.37 8.26 8.19 I.ll 8.04 7.96 7.93 

II 7.60 7.47 7.37 7.30 7.19 7.12 7.05 6,98 6091 6.87 11.070 15.086 20.'1' 


IH92 16.812 22.4'811 6.11 6,68 6.59 6.52 U2 6.35 6.28 6.21 6.14 6.!0 
12 6.22 6.09 6.011 '.93 5.83 '.76 '.70 '.63 '''2 	 14.067 18.475 24.322 

'.1013 '.15 '.63 '.54 '-47 '.37 ,.30 '.24 5.17 '''' ,.07 U.307 lO.O9O 2U24
14 '.38 '.15 '.17 '.10 ,.00 4.94 4.17 Ul 4.74 4.71 ,
15 '.07 4.95 4.86 4.80 4.70 4.64 4.51 4.51 4.44 HI IU19 2U66 27.177 


If 4.12 4.70 4.61 4.54 4.4' 4,39 4,32 4.26 4.19 4.16 
 10 	 18.307 23.109 29.588 

17 4.60 4.48 4.40 4.33 4.24 4.11 4.11 4.0' 3.98 3.95 
11 4.42 4.30 4.22 4.15 4.06 4.00 3.93 3.87 3.80 3.77 

I' 4.26 4.14 4.06 3.99 3.90 3.84 3.78 3.71 3." ).61 

20 4.12 4.00 3.92 3.16 3.77 3.70 3.64 3.58 3.'1 3.48 

21 4.00 3.88 3.80 3.74 3.64 3.'1 3.52 3.46 3.39 3.36 
22 3.89 3.78 3.70 3.63 3.'4 3.48 3.41 3.3' 3.28 3.2, 
23 3.79 3.68 3.60 3.53 3.44 3,38 3.32 3.2' 3.19 3.16 

:u 3.71 3"9 3.51 3.4' 3.36 3.29 3.23 3.17 3.10 3.07 

:IS 3.63 3.'2 3.43 3.37 3.28 3.22 3.1$ 3.09 3.03 2.99 


26 3.56 3.44 3.36 3.30 3.21 3.08 3.02 2.95 2.92 

27 3,49 UI 3.30 3.23 3.14 3.08 3.02 2.96 2.89 2.86 


3.1' 

11 3.43 U2 3.24 3.11 3.09 3.02 2.96 2.90 2.83 2.80 
29 3.38 3.27 3.18 3.1l 3.03 2.97 1.91 2.84 2.78 2.74 
30 3.33 3.21 3.13 3.07 2.98 2.92 1.16 2.79 2.73 2A9 

30 3.13 3.02 2.93 2.17 2.78 1.72 2.1i6 1.59 2.52 2.49 
40 2.98 2.17 2.79 2.73 1.64 2.51 2.51 2.44 1.38 2.34 
50 2.79 2.1i8 2.60 2.53 1.44 2.38 2.31 2.2, 1.18 l.l4 

~ 2.67 2.5, 2.47 2.41 2.32 2.2' 2.19 2.12 1.05 2.01 

10 1.58 1.47 2.39 2.32 1.23 2.16 1.10 2.03 1.95 1.91 


80 2"2 2.41 2.32 2.26 2.16 2.10 2.03 1.96 1.89 1.8, 

90 2.47 2.36 2.27 2.21 2.11 2.0' 1.98 1.91 1.13 1.79 

180 2.43 2.32 2.24 2.17 2.08 2.01 l.94 1.17 1.79 1.75 
12. 2.37 2.26 1.18 2.11 1.02 .." 1.88 UI 1.73 !.liB 
150 2.31 l.ll 2.12 2.06 1.96 1.89 1.12 1.74 !.Ii21." 
28G 2.26 1.15 2.07 2.00 1.90 1.13 1.76 1.68 1.60 I." 
250 2.23 2.12 2.03 1.97 1.17 1.80 1.72 1.6, 1"1I'"l80 1.21 2.10 1.01 1.94 1.85 1.78 1.70 1.62 U3 J.48-1.18 2.07 1.98 1.92 1.82 1.75 1.67 1.59 1.50 1.45- 2.17 1.0' 1.97 1.90 1.80 1.73 1.6' 1.57 1.41 1.43 

He 2.16 2.04 1.96 1.89 1.79 1.71 1.64 1.36 1.46 1.41 
150 2.1' 2.03 1.9, 1.88 1.78 1.71 1.63 U, ..., 1.40 

1000 2.14 2.02 1.94 1.87 1.77 1.69 1.62 l.53 1.44 1.38 
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