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Question 1 

Let X = (Xl, ... , Xn) be a random sample from a Gamma distribution with shape parameters a 
and Pknown. 
The p.d.f.of Xi is 

1f(xda, (3) = :C:), xr- , exp(-(3xi), x ~ 0, (l> 0, ~ > ° 
(a) Determine the log likelihood function. 

(5 Marks) 
(b) Show that I:f=lln(Xt) is a sufficient statistic, and X is not.I 

(15 Marks) 

Question 2 

The times in seconds Xl, X2, ... , Xn between messages arriving at a node in a 
telecommunications system constitute a random sample from an exponential distribution with 

probability density function {(x) = j.l-1exp ( -;) (x> 0), where Jl (> 0) is an unknown 

parameter. 

a) Show that fln =~ I:f=l Xi is an unbiased estimator of Jl and find its variance. I 

(5 Marks) 
b) Is fln a consistent estimator of Jl? Justify your answer. 

(2 Marks) 

c) Show that E(PJ = ~{Tiji and hence show thatji. = ;.JX1,X2 is an unbiased 

estimator of Jl. 
(6 Marks) 

d) Find the relative efficiency of ji. compared to fl2' 
(4 Marks) 

Question 3 

Let X be N- (J!, 8100). To test Ho: J.l 530 against the alternative hypothesis HI: J.l < 530. 
Given a random sample of size n 36, let the critical region be defined by 
C = { : ::; 51O.77}, where is the observed random sample mean. 

Find the p-value for this test. (10 marks) 
IfHI: J.l =509, find the probabilities of making the Type II error and of correctly rejecting 
Ho. (15 marks) 
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Question 4 

Let Xl,"" Xn~ N(e,9). Thus, E(Xt)::: e, and Var(Xa::: 9. 

a) Find the maximum likelihood estimator 0, 
(5 Marks) 

b) Find the score function and the Fisher information. 
(10 Marks) 

c) Find the minimum variance bound for unbiased estimator of e. 
(5 Marks) 

Question 5 

a) 	 Suppose that XI, X2, ... , Xn constitute a random sample from a distribution with 
probability density j{x Ie) , where e is a real parameter with prior density 1t{e) . The 
loss when e is estimated by 0 (a function of Xl, X2, ... , Xn) is l(O;e ) . 

i. 	 Define the Bayes risk of 0 and the Bayes estimator of e. 
(4 Marks) 

n. 	 Show that the Bayes estimator can be found by minimising the 
posteriorexpected loss for given (Xl, X2, ... , Xn). 

(6 Marks) 
b) LetXJ, ... ,Xn~ N(e,l). Letnbe aN(O, 1) prior: 

2 

n(8) = _l_.exp (_ 8 ) 
. ~ 2 

i. 	 Find the posterior distribution for e. 
(4 Marks) 

n. 	 Find the posterior mean 9. 
(6 Marks) 
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Normal Distribution 

Table C-1. Cumulative Probabilities of the Standard Normal Distribution. 

Entry is lUe"'" A v:o.der the standard normal curve ftOI1l .QO to :(A) 

.,,;,~"~1~~ 
z(A) 

z .00 .01 .02 .03 .04 .0:5 ,06 .07 .0# .00 

.Q 
,I 
.2 
.3 
.4 i 

.j()OO 

.5398 

.'793 

.6119 

.6554 

.5040 
.S413 
.~l2 
.6211 
.6!'i91 

.S080 

.5478 

.S81J 

.6255 

.6628 

.5120 

.:5511 

.:59l0 

.6293 

.6664 

.5160 

.5SS7 

.5948 

.633. 

.6700 

.:5199 

.5:596 

.'987 

.6368 

.6736 

.5239 
,:;636 
.15026 
.6406 
.6772 

.:5219 
. .5675 
.6064 
.6443 
.6808 

.5:119 

.51.4 

.6103 
,6480 
.6544 

.53551 

.57'3 

.6141 

.6517 

.(1879 

.:5 

.6 

.1 
.3., 

.6915 

.7251 

.1'80 
.7881 
.31~ 

.69'50 

.729J 

.1611 

.1910 

.'186 

.6985 
.7J14 
.764Z 
.7939 
.821l 

.7019 

.7337 

.7673 

.7961 
.81:lS 

.70S4 

.1.33g. 

.7704 

.7995 

.3264 

.7OSS 

.1422 
.7134 
J5023 
,8289 

.1.23 

.7Ut 

.1764 

.80:51 

.331:5 

.71S7 

.7486 
:7794 
.10'8 
.8UO 

.7191) 

.7:517 

.182) 

.8106 

.8365 

.7224 

.7549 

.7ISZ 

.8133 

.8389 

1.0 
U 
1.:2 
L3 
1.4 

.1413 

.3643 

.8849 

.9032 

.9192 

•.8438 
.8665 
.B¥69 
.9049 
.'YJJY1 

.8461 

.8686 

.8118 

.9066 

.9:u2 

.848' 

.8708 

.8007 

.90S2 

.9236 

.83'01 

.8729 

.892S 

.9099 

.92St 

.8"1 

.8149 

.8944

.'1 is 
,9265 

.a,:54 
JlT70 
.8962 
.'131 
.9279 

.3577 

.1790· 

.8980 

.9147 
.9292 

.8~" 

.81110 

.89'1 
,9162 
.9306 

.8621 

.88lO 

.'90IS 

.9171 

.9319 

I.S 
'.6 
1.7 
1.8 
1.9 

.9332 

.9452 

.9.s~ 

.964_ 

.97U 

.9345 
,~3 
,9.564 
.9649 
.9719 

.9351 

.'-474 

.9573 

.9656 

.972.6 

,9310 
.94l14 
.!t53Z 
.9664
.9732 

.9382 

.'149, 

.CJS~J 

.9671 

.9138 

.9l94

.9503 

.9m 

.96i8 

.9744 

.9406 

.95):5 

.9CSQ8 

.9686 

.97.50 

.9418 

.9,:,U 

.%16 

.9693 

.9756 

.9419.",3,

.9625 

.%99 

.9761 

.9441 

.9.54' 

.963) 

.9706 

.9767 

2.0 
2.t 
1.l 
2.3 
1.4 

.9772 

.9821 

.9861 

.9893 

.9918 

.977£ 

.9826 

.9864 

.NM 

..,.20 

.911l 

.'830 

.9368 
•.,'93 
.!m.1 

.97118 

.9834 
'!~S1t 
.9901 
.99lS 

.9191 

.9838 

.9875 
•"Of 
.'927 

.9793 

.9842 

.9878 

.9906 

.9929 

.9803 

.9846 
.988) 
.9909 
.95I)J 

.9808 

.9UO 

.9884 

.991) 

.991i 

.9812 

.98S4 

.9837 

.9913 

.9934 

.9817 

.9$" 

.9890 

.9916 

.9936 

2.'
::.6 
2.7 
:u 
2.9 

.9938 
.9953 
.9965 
,9974 
.9981 

.9940 

.9955 

.9966 

.9975

.SIN::: 

,"41 
.99'6 
.9961 
.9976 
.!)98~ 

.9J4l 

.~

."68 
.(1)77 
.998] 

_994'
.9S»S9 
,99'lW 
.9rn7 
.9984 

.9946 

.9960 

.95170 
.9918 
.9984

.9948 

.996' 

.997' 

.9979 

.95185 

.4)949 

.9962 

.99n 

.9979 

.998' 

.9951 

.9963 

.99" 

.9980 

.9986 

.99.52 

.~ 

.9974 

.9981 

.9986 

3.0 
3.1 
3.1. 
l.3 
3•• 

.9987 

.9990 
,9993 
,m5 
,99517 

.9987 

.99SlJ 

.9993 

.9995 

.9997 

.9917 

.951'1 

.9994 

.999' 
,9997 

.M8 
,,,,J 
.9994 
.9996 
.99t7 

.9988 

.9992 
,09!oM 
.94n6
."'1 

.9989 

.9992 

.9994 

.~ 
,9991 

.9989 

.9.992 

.9994 

.999f 

.9997 

.~ 

.9992 

.9995 

.'9996 

.9997 

.9990 

.~3 

.9995 

.~ 

.99Sl1 

.9990 

.9993 

.9995 

.'991 

.999S 
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Chi-Square Distribution 

Table C-2. Percentiles of the 'l Distribution 

Entry is. ;rZ('<\; ...) where 'p{xI(Jt) S X,(A: It)} ,.. A 

~ 
Xl( A; ,,) 

I' 

A 

;005 .010 .02$ .050 .100 .900 "~:50 .975 .990 .995 

I 
1 

0.0"39) o.o3m O.ol9t12 ("'4J~393 G.OfSS 
0.0100 O.02(}I ODXMS O.IOl un 

".11 
·Ut 

3.54 
5.99 

:UI;Z U3 
7.38 9.~1 

ui 
10.60 

3 0.072 G.ItS i).~16 0.352 0.584 US 7.S' US IU4 12.14 

t O.2Oi 0.291 0.414 0.711 1.o6f 1.78 9.49 11.14 13.18 14.86 

S GAll O.~S4 (l.131 U45 1.61 9.24 11.01 ll.U 15.09 16.15 
6 0,616 0)171 t.14 l.&4 'Un Ul.64 t1.59 14AS 16.81 ts.ss 
1 D.989 U4 1.69 2.11 1.113 12.02 ....0'7 16.111 &8.<\8 %OJ! 
8 
9 

1.34 !.(is ZJIf 2.73 3,49 
1.7l 2.1» :t10 J.n 4.11 

13.36 
14.68 

15.51 
16.92 

11S.l ~O.09 
1'.02 21.67 

21.96 
23.~9 

10 
II 
U 

2.16 l.J6 3.:U 3.'" 4.1'1 
2.fiO :U" :tal 4.S7 1.58 
3.07 3.51 4M S.2) 6030 

15.99 
1'1.21 
UI.~5 

18.31 
19.6l1 
21.OJ 

lO.4lI 2Ul 
11.91 24.'1'3 
2:1.34 26.:n 

;U,19 
26.76 
28.30 

11 3.57 4.11 :5.01 .5-119 7,(14 1~.l.ll n.)6 %4.74 :11.69 19.12 
14 4.()'} 4.66 S.6l (is? 7.19 21.1)6 1.1.~ 26.12 29.14 3U2 

IS Mil S.21 6.26 1.26 S • .SS 21.31 2.5.00 21.49 3M3 3UG 
16 "J4 S.81 6.9l 7.% 9,~1 llM 26.30 21$.85 32.00 34.21 
11 
18 

~.70 6,41 7.S6 8.61 10.09 
U6 7.01 8.:n 9,)') lo.s6 

24.77 
ZS.99 

'2.1.59 
28.87 

lO.1~ lUI 
11.'3 34.IJ 

35.72 
37.16 

19 U4 1.6] 1.91 10.12 IUS 21.20 30.14 n.ss 36.19 38.SIl 

20 
21 

1,43 ~U6 '.5' 10JI~ 12.44 
!.G3 1.90 10.23 11.59 13.24 

le.4} 
29.62 

31.41 
32.67 

34.\1 37.31 
.)S.4I lU3 

40.00 
41.40 

:21 8.64 U4 10.98 12.34 14.04 30.81 33.9.1 )6.78 40.29 42JKl 
:u '.16 10.10 11.6t U-09 14.8:1 32.01 1'.11 38.08 41.i14 44,18 
24 9.89 10•• 12..40 13.85 U.~6 3),10 36.41 39,)6 41.98 -0.'6 

2S IO.~2 It.S:! 13.13, 14.61 16.41 34.)8 3'.6S 40~ 44031 46.93 
16 11.1l1 12.20 13.84 U.l8 17.19 3'.56 ~8.89 41.92 4U4 

43.l. 
••29 

11..&1 
I~"14.26 

14.~' 
U.16 
29.11 
31.48 

4.5.44 
U54 
61.7S 
10.0& 

14.5'1 
IUf 
16.05 

16.19 
24.43 
31.36 
.40.41 

41.1'
n.ls 
,US 
74..22 

16.lS 
.6.93 
17.11 

18.49 
2&.51 
34.16 
4U9 

'1.14 
fIO.39 
'9.13 
11.93 

li.n 
fUll 
IU1 

2UI) 
29,03 
31.69 
46.46 

".J} 
64.2t1 
13.29 
82.36 

36.14 4Q.U 
37.92 4f.34 44.41) 
'9.09 42.j6 4S.1Z 

41).5 43;71 46.91,..., SS.76 ~•.l4 
61.17 61,:50 71.42 
74.40 79.08- 81.30 

'''.:U ,...." !I"m
,US 101.9 106.6 

101.6 113.1 118.1 
UU 114.3 '~.6 

46..96 49.61. 
41.21 1O.ft 
49,.$, 52.J4 

SlUt 53.6' 
"',." 'R.n 
1US 19.47 
8U8 '1.95 

100.4 J04.Z 
111.) 116.3 
124.1 121.3

Il'.' 1-40.2 

lO 
.41) 
:KI 
«l 

7(1 
110 
90 

100 

n U.sl 
28 "2.462, 113•12 

,
11.79 

.71 
21.99 
3'.53 
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Student's Distribution (t Distribution) 

Table C-4 Percentiles of the t Distribution 

Entry.is t(Ai p) where P{t(v) S t(A; v)J = A 

to\; II) 

A. 

p .fIO .'7() .10 .8S ;1)1) .95 .975 

I 0.;'2.$ 0.7'l.7 l.376 1.%3 3.078 6.314 11.706 
Z 0.%89 0.617 l.<l6l 1.396 l.886 2.9:Kl ".303 
3 o.m 0.5M 0.9711 '.250 1.638 2.;\53 ).J8:2 
4 0.'l7' O.S69 G.M} 1.190 1.5-33- 2.\11 2.776 
S 0.261 0 • .559 0.9.20 1.156 1.<416 2..01.5 2.571 

6 0.2.6:$ 0.553 0.906 1.134 1.+40 1.943 2..441 
7 (I.W 0.549 0.896 ).119 I,"-IS I.," 2.36$ 
8 0,261 0.'46 0.889 1.108 1.397 1.860 'l..306 
4) 0.261 0.S43 0.8'83 1.100 \,383 t.nl 2.262 

(0 O.l$) 0.'42- 0.1'79 U",3 1.312 1.112 2.221 

11 0.2.60 0.• 0.876 '.088 ••:k)3 1:196 2.1.Ot 
12 O.L"i9 0.539 0.813 1.083 1.3:56 1.'781. 2.179 
13 O.2S!J 0.537 0.874) 1.079 1.1:50 1.711 :U4W) 
14 O.Z,. 0.'31 0.868 1.076 1,345 1.761 Z.14S 
15 O.2S8 0.536 0.866 •.074 1.341 t.1S3 l.lll 

0.2$3 (U3$ 0.86S 1.07. 1.337 1.746 2.12016. 
11 0.2S7 O.,:U 0.863 IJ)69 1.331 1.740 2.UO 

0.257 0.534 0.86:1 1.067 1.::l30 1.734 2.101'8 
19 0.257 0.533 0.86. 1.066 l.3lS ),729 2.093 

0.2:57 0.'33 0.860 1.064 '.325 1.725 2Jl8620 
21 O.2S7 0.:531 O.8S9 1.063 1.:3.13 l.72:1 2.080 

O.ZS6 0.S32 0.858 1.06. I.n. l,"n7 %.074:n 
23 0.2S6 O.~)l 0.8.!5' 1.060 1.319 1.714 2.069 

O.~ 1).'31 0."7 ••OW 1.;318 1.71l 2.064U 
2S 0.2!i6 o.s:n 0.856 I.OS! 1.316 1.701 2.060 

0.:356 0,.$3. o.~ I.GS' ..:us 1.706 2.056Z6 
T1 O.2S6 O.S:U O.85! 1.057 1.314 1:10:1 :1,052 

O.2S6 0 • .530 O.8.-U 1.~6 1.313 1.101 2.04128
29 0.256 0.530 0.854 1.05S 1.311 '.699 2.045 

0.1.56 0,530 0.8.54 '.055 1.310 Ui91 2.04230 

O.2SS 0.519 0.8.51 1.0s0 J.~' 1.684 2.02140 
0.254 0.'21 0.848 ,.045 1.196 L671 2.00060 

120 0.254 0.:52.6 0.145 1.041 1.2.89 1.638 1.910 
'!II:> 0.253 0.524 (1.*"2 J.036 1.'2$2 1 ..... 5 1.963 

~ ~ 

Volume II. Appendix C: page 6 

http:Entry.is


Table C-4 (Continued) Percentiles of the t Distribution 

A 

.98 ,')85 ,99 .992S .99S ,997S .999Sv 

1 U.89S 2UDS 31.821 42.434 63.6-'1 127.322 636.590 
4.849 5.643 6,96,5 a.013 9.925 14.089 31.5982 

3 3M2 3.896 4.541 5.041 S.841 1.453 12.924 .. 2.999 3.m 3.747 4.088 4.604 $.598 tt610 
oS 2.751 3.003 3.~ 3.634- 4.032 4~713 6.B!9 

6 2.612 2.829 3.143 3.312 3.107 4.317 5.959 
7 Z.:517 l.ltS 2.99$ 3.:103 3.499 4.0l9 5.408 

2.449 2.634 2.896 3.085 3.355 3.83'J S.041S 
9 l,391 l.S14 ~.8:U 2:,9')8 3.l5Q ~.690 4.781 

10 2.359 2.521 2.164 2.932 3.169 3.581 4.537 

J1 :t328 2.491 2.1J3 2.879 3.t06 3.497 4.431 
II l.303 1.4CSl Z.6S1 '2.'36 3.01' ".4~ 4.318 
13 2,232 2.436 2.650 2.BO} 3.0n 3.372 4.211 
14 2.264 1.415 1.6'" 2..711 2.917 3.326 4.l4O 
IS 2.249 2.l91 2.602 2.14 2..941 3.~ 4.013 
J6 2.23' 2.382 2.~81 2.124 2.921 :.t'ZS2 4.015 
11 2.:224 2.368 2.Sf>7 2.'J06 2.898 3.222 3.965 
18 2.214 '2.356 2,5$2 l.Q9 2.."8 3.197 3.922 
19 2.205 l.346 2S39 1..674 2JkU 3.l74 3,383 
26 2,191 2..336 2.5'23 2.4501 2.345 3.\S3 3.849 

U89 1.nS 2.518 l.{)49 2.83' 3.13S 3.819~I 
22 2.l83 1,320 2.508 2.639 2.819 3.119 3.192 

z . .,n 1,)13 2.'00 2..629 l.101 3.104 3.76823 
24 Z.J71 l.307 2.491 2.620 1.791 ':U)I)\ 3.745 

2,.167 2.301 l.43S 2.6Jl 1.1S7 3,01$ 3.72525 

26 2.!61 1.296 2.419 2,60) 2.?19 .3.(167 3.101 
'J:I l.1S1J. 2.191 2.413 2.59& 2.TII ',OS7 3.690 
28 1..1$4- l.286 1.4i7 l.5~ 1.763 3.047 3.6'74 
19 2.J!iO 2.m :1.462 2.586 2.156 3.038 3.659 
30 1,147 2.218 2.4)1 2.$8. ~.750 :UOO 3.646 

40 2.ll) 1,2S0 1.423 l,,.l l.104 2.971 l.5S1 
00 2.099 1.223 2.)90 2.S04- 2.660 l.9t1 3.4«l 

12(} 2.076 2.196 1.3S'S 2._ 2.611 1.l!.tiO 3.373 
QO 2.0$4 2.110 2.326 2.4:J2 2.516 2..807 3.291 
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Table C-5 (Conllnued) Percenliles of the F Distribution 

N .. _iIf 
Dn. 
iIf,4 2)".s 

.!!O 1.00 1.:10 l.11 S.il !.tIl' 

.'90 ».!I 4lU -'l.6 SS." ~7.2 
"., 161 .200 216 :u, 230 
."i17' 601 «10 8M _ IIll 
:99 4,~a,.- ~4Ol 3.fi2' S.".. 
.~5 16.211 211.000 21.615 z.l.$(I() lJ.tlS6 

(, 7 i II 

1.94 1.'98 2.00 2.0) 
58.2 S8.'I ~.4 5lI.~ 
234 23' .all 2<11 
937 '9411 9.<>1 _ 

J.8~ $.lI211 '.!llIl '11m2 
23.437 "2!.1U 2.lI.!l2S 24&>1 

.9W 4O.s.2llO.llOO,.(JO(I $40,380 l61~ 576;400 'SS,94D '92,!!70 5'J~,I. 6!Jl..~ 

2..'m ~66? 1.00 1.13 1.21 
.!iO It') 9.00 9.16 9.24 
.115 111.' 19.1) 19.2 '9.2 
.\)11 341.$ 39.0 J9.l :19.2 
.~.'I"iI' 9II.S 

199 
99.0 
199 

!I'lI.2 
1<)9 

99..'.! 
199 

._ ""ItS 9\19.0 999.J -'2 

3 -'" 
.90 

tuU 
5." 

tUIM 
'.+6 

1.00 
~.39 

1-06'.-'4 
.95 m.1 9.55 9.28 9.12 
.!>7$ 11.4 16.0 11." 1$.1 
~ 34.1 JO.lI 29.~ 2&.7 
.WS 55.·6 4'1>.8 "7.' 46.2 
._ 167.0 141.5 141.1 13'l.1 

"I.!SO o.,il9 Il.B28 Q.~l 1.00 
.lID 4.54 4.~2 4.19 ".11 
.9~ '.'1 6.94 6.59 6.39 
.g'J$ 
.99 

12,2 
21.2 

10.6 
18.0 

9;9.
n.' 

9.·6(1 
'6.1) 

.99!I .ll.) ;l6.J 24,~ 23.2 

._ 74.1 61.2 '6.:2 .lI)" 

.~ 0.52* 0.799 o.§IO? 0.965 
.!III "()6 3.~8 3.61 )~2 
-1" 6.61 '.79 5.41 '.19 
.975 111.0 g.43 1.16 7.39 
.W 16.3 13.3 12.1 IIA 
.99S 22.8 flU "'., IS.6 
.999 47.2 37.1 33.2 ".1 

~.:511) 0.:51$ 0._ 0._ 0.'942 
"liO l.78 3M 3.:29 3.18 
.lIJ '.99 '.'4 4.76 ...n 
.911 8.111 ".26 6.c;o 6.23 
.9:11 1l.7 10.9 9.7!l !I.U 
.!I!>5 1i.6 l4,j 1"z'.9 12.0 __ n., '27.0 23.1 21.9 

"'.j[/) fl.506 0.167 U71 0.926 
.110 ).59 'U£ ),07 2.% 
.!!>! ,." 4.74 ·U5 4.IZ 
."1175 11117 6.54 S.D S.3Z 
.99 S22 9.5S 8.45 7.t!S 
.WS 1<1.2 12.... 10.9 10.1 
.YIIII 29.1 21.7 II.' 17.2 

J.2.! 1.211 1.30 '.32 I.n 
9..29 9.3) iUS 9.37 9.3. 
I!D 19.3 '9.4 1",.4 19.4 
39.J 39.3 ».4 39.4 39.• 
99.3 99.3 99.4 _.. 99." 
199 199 1'!111 1119 11>9 

999.3 _.3 _.4 9990.4 _ .• 

1.10 1.13 1.15 Ll6 U1 
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Ta ble C-5 (Continued) Percentiles of the F Distribution 
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Table C-5 (Continued) Percentiles of the F Distrlbutlon Table c.s (Continued) Percentiles of the F Distribution 
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IMlI!I 0.7$, 0.1160 0.91$ O.!I4lI 0.'111 0.51118 1.00 1.111 	 .\1(18 	 .N l.3j 3.21 3.12 ill.5 3.12 UIII 3,01 2.:~7 2.'33. .... '3.11 2.92 1..81 2.1l 2.67 .2.~ 2.59 2.S6 	 ~•90 
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Table c.s (Continued) Percentiles of the F Distribution 
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